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ON THE YAMABE PROBLEM ON CONTACT RIEMANNIAN MANIFOLDS 


FEIFAN WU AND WEI WANG 


Abstract. Contact Riemannian manifolds, whose complex structures are not necessarily inte- 
grable, are generalization of pseudohermitian manifolds in CR geometry. The Tanaka-Webster- 
Tanno connection plays the role of the Tanaka-Webster connection of a pseudohermitian man¬ 
ifold. Conformal transformations and the Yamabe problem are also defined naturally in this 
setting. By constructing the special frames and the normal coordinates on a contact Riemann¬ 
ian manifold, we prove that if the complex structure is not integrable, its Yamabe invariant 
on a contact Riemannian manifold is always less than the Yamabe invariant of the Heisenberg 
group. So the Yamabe problem on a contact Riemannian manifold is always solvable. 
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1 . Introduction 

The Yamabe Problem in Riemannian Geometry was completely solved during 70’s-80’s (cf. 
[I]) |12| . [14] . |18| and references therein). For the analogous CR Yamabe problem, Jerison and 
Lee proved in m CO] that there is a numerical CR invariant A(M) called the Yamabe invariant, 
and for any compact, strictly pseudoconvex (2n + l)-dimensional CR manifold M, it is always 
less than or equal to the Yamabe invariant of the Heisenberg group Furthermore 

if A(M) < A(J^”), then M admits a pseudohermitian structure with constant scalar curvature. 
In CH, Jerison and Lee proved that A(M) < holds if n > 2 and M is not locally CR 

equivalent to The remaining case was solved by Camara and Yacoub in |6j [Tj. The 

purpose of this paper is to solve the Yamabe problem on general contact Riemannian manifolds. 
This problem has already been studied by Zhang [2B| by using the contact Yamabe flow. 

A (2n + l)-dimensional manifold (M, 9) is called a contact manifold if it has a real 1-form 9 
such that 9Ad9^ 7 ^ 0 everywhere on M. We call such 9 a contact form. There exists a unique 
vector held T, the Reeb vector field, such that 9{T) = 1 and T_id9 = 0. It’s known that given a 
contact manifold {M,9), there are a Riemannian metric h and a (1, l)-tensor held J on M such 
that 

h{X,T) = 9{X), 

= -Id + 9(g>T, (1.1) 

d9{X,Y) = h{X, JY), 

for any vector held X,Y (cf. p. 278 in [3| or p. 351 in [T7]l. Such a metric h is said to be 
associated with 9, and J is called an almost complex structure. Given a contact form 9, once 
h is hxed, J is uniquely determined, and vise versa. {M,9,h,J) is called a contact Riemann¬ 
ian manifold. HM := Ker{9) is called the horizontal subbudle of the tangent bundle TM. 
On a contact Riemannian manifold, there exists a distinguished connection called the Tanaka- 
Webster-Tanno connection V (or TWT connection briehy). In the CR case, this connection is 
exactly the Tanaka-Webster connection (cf. |16] and |22]L Tanno constructed this connection 
for general contact Riemannian manifolds in HZ]. Since there is no obstruction to the existence 
of the almost complex structure J, contact Riemannian structures exist naturally on any contact 
manifold and analysis on it has potential applications to the geometry of contact manifolds (cf. 
e.g. [I3], [I5| and [ 2 l|). 
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Let CTM be the complexification of TM. CTM has a unique subbuddle such that 

JX = iX for any X G M). Here and in the following, T{S) denotes the space of all 

smooth sections of a vector bundle S. Set Then for any X G 

JX = -iX. J is called integrable if [r(r(^’°)M),r(r(^’°)M)]cr(r(i’°)M). If J is integrable, 
J is called a CR structure and {M,9,h, J) is called a pseudohermitian manifold. By [T7j, the 
integrable condition holds if and only if the Tanno tensor Q = VJ = 0. In general, a contact 
Riemman manifold is not a CR manifold. 

Under conformal transformations of a contact Riemannian manifold, which is given by 

o = fe, 


for some positive function /, we have the transformation formulae 




with J,T,h given by 

f = j{T + C), 

h = fh-f [9 + 9) + /(/ - 1 + IlClP)^' ® 9, (1.2) 

J = J+jj9^{Vf-T{f)T), 

(cf. (12) in [3] or Lemma 9.1 in [T7]L where C = and iv satisfies uj{X) = h{X,() for 

X G TM. 

The contact Riemannian Yamabe problem is that given a compact contact Riemannian man¬ 
ifold {M,9,h, J), find 9 conformal to 9 such that its scalar curvature is constant. It is known 
that (cf. p. 337 in [3]) if we write the conformal transformation 9 = f9 with / = the 
scalar curvature R of the TWT connection transforms as 

bnXeu + Ru = 5„ = 2 + -, (1.3) 

n 

where is the sub-laplacian. (m is the contact Riemannian Yamabe equation. The Yamabe 
functional is defined as 


= 


Im(p\^'^\h + Ru^)dVo 
{f^vPdVeYlP ■ 


p = bn = 2 + 


n 


(1.4) 


where is the norm of the horizontal part of du and dVg is the volume form. The solutions 

to the Yamabe problem are critical points of the Yamabe functional '3^e,h- The Yamabe invariant 
is defined by 

A(M) = inf ‘3^9,h{u). (1.5) 

U 

Equivalently, 

A(M) = inf{Ao^h{u) ■ Bg^h{u) = 1}, (1.6) 

where Ag^h{u) = Jj^{bn\duW + Ru‘^)dVe, Bg^hiu) = \u\PdVg. 

Our main result in this paper is 


Theorem 1.1. Suppose {M,9,h, J) is a compact contact manifold of dimension 2n + 1, n > 2. 
If the almost complex structure J is not integrable, then A(M) < A(J^"'). 
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Here we require n > 2 because the almost complex structure on a 3-dimensional contact 
Riemannian manifold is automatically integrable. 

Corollary 1.1. If the contact Riemannian manifold M is not integrable, then the infimum (II.5p 
is attained by a positive C°° solution to dOD. Thus the contact form 6 = ‘^9 has constant 

scalar curvature R = A(M). 

It is well-known that the function 

^{z,t) = - -—, w = t + ilzl"^, z G C^”', tGM, (1.7) 

\w -|- 

is an extremal for the Yamabe functional on the Heisenberg group (cf. [lO]). For each e > 0, 

:= ‘h = £^\w + ” is also an extremal. As in CR case m, we use the test function 

£ 

f{z,t) = ^p{w)^^{z,t), 

to calculate the asymptotic expansion for '3Ie,h{f^) as e—;>0, where € C^{M) is supported in 
the set {|t(;| < 2k} and fj{w) = 1 for |r(;| < k for k > 0 . 

To solve the CR Yamabe problem, Jerision and Lee constructed the pseudohermitian nor¬ 
mal coordinates by parabolic geodesics and parabolic exponential map in m- On a contact 
Riemannian manifold, in Section 2, we also have the parabolic geodesics analogous to the CR 
case. For a fixed point q, the parabolic geodesics induce a natural map from TqM to M, called 
the parabolic exponential map. The Reeb vector T is automatically parallel along the parabolic 
geodesics. Choosing a basis {Wa-q}'^^^ of the complex vector space Tq^’^'^M and its conjugation 
{Wa-q} of Tq^’^'^M, and extending them by parallel translation along the parabolic geodesics, 
together with Wq = T, we get a special frame in a neighborhood of q. The normal coordinates 
is the coordinates with respect to this special frame. 

In the CR case, the complex structure is preserved under the parallel translation, and so 
and are preserved. But on a general contact Riemannian manifold, the complex 

structure is not preserved under the parallel translation. Namely, the special frame {Wa}'f^=i is 
not a frame even if it is a basis of M at point q. This is our main difficulty. 

With the normal coordinates, following the method in m, the asymptotic expansion of 
^d,hif^) can be calculated explicitly by using certain invariants at the origin. These invariants 
are constructed by the curvature, Webster torsion and Tanno tensors. In the CR case, besides 
the first term, the first nonzero term of the Yamabe functional '3^e,h{f^) is 0{£^). Because our 
frame {VFa} is not holomorphic or anti-holomorphic, our expansion of is much more 

complicated than that in the CR case. Notably, we have to expand the almost complex structure 
J asymptotically near q. While in the CR case, J is constant. But fortunately, if the Tanno 
tensor is nonvanishing at point q, the second-order term of the Yamabe functional ^e,h{f^) is 
already nonzero. This makes the calculation easier than we expected. The Tanno tensor plays 
an important role in the analysis of contact Riemannian manifolds (see also [24] i. 

In Section 3, we construct the invariant 

£) = E loLwit 
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where is the components of the Tanno tensor with respect to a special frame. The Tanno 
tensor is nonzero at point q if and only if 0 is strictly positive at this point. In Section 4, as in 
the CR case in Section 3 in m, for a fixed contact form 9, we can make certain components of 
the curvature tensor ^^(q) and the Webster torsion tensor vanish at point q after a suitable 
conformal transformation. This will make our calculation easier. 

In Section 5, we calculate the asymptotic expansion for explicitly. By the preparation 

in Section 3 and Section 4, we finally find 

- ... ( 1 - 8 ) 
\ 12(re — I)n(n + 1) / 

So if the complex structure is not integrable, we prove the main theorem. 

In Appendix A, we discuss the transformation formulae of the connection coefficients, the 
Webster torsion tensor and curvature tensors under the conformal transformations, and the 
covariance of the Webster torsion and curvature tensors, which is used in Section 4. In Appendix 
B, we give the details of the calculation of the second-order terms of the Yamabe functional 

Besides the Yamabe problem on Riemmanian manifolds, CR manifolds, and contact Rie- 
mannian manifolds, there is also the Yamabe problem on quaternionic contact manifolds (cf. 

and references therein). It is interesting to find the asymptotic expansion of this Yamabe 
functional. Another interesting problem is to find the asymptotic expansion of the Yamabe-type 
functional on differential forms |21] . 

2. Construction of the normal coordinates 

2.1. The TWT connection. 

Proposition 2.1. (cf. (7)-(9) in [3]j On a contact Riemannian manifold {M,9,h, J), there 
exists a unique linear connection V such that 

ve = 0, vr = 0, 

Vh = 0, 

( 2 . 1 ) 

t{X,Y) = 2d9{X,Y)T, X,Y £T{HM), ^ ^ 

t{T,JZ) = -Jt{T,Z), Zer{TM), 

where r is the torsion ofV, i.e. t(X,Y) = VxY - VyX - [X,y] for X,Y G r(rM). 

This connection is called the TWT connection. The (l,2)-tensor field Q defined by 

Q{X, Y) := (Vy J)A, A, Y € r(rM), (2.2) 

is called the Tanno tensor (cf. (10) in [3]). Tanno proved that a contact Riemannian manifold is 
a CR manifold if and only if Q = 0 (cf. Proposition 2.1 in [IZj). The curvature tensor of TWT 
connection is R{X,Y) = V^Vy — VyVx — V[x^y]. The Ricci tensor of the TWT connection is 
defined by Ric{Y, Z) = tr{X — R{X,Z)Y}, for any A, Y, Z € TM. The scalar curvature is 
R = tr{Ric). 
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We extend h, J and V to the complexified tangent bundle by C-linear extension: 

h{Xi+iYi,X2 + iY2) := h{Xi,X2) - h{Yi,Y2) + i{h{Xi,Y2) + h{X2,Yi)), 

J{Xi + lYi) := JXi + iJYi, (2.3) 

V(^Xi+iYi)i^2 + 1 X 2 ) ■= VX 1 W 2 — VY 1 Y 2 + i{XxiY2 + VY 1 X 2 ) , 
for any Zj = Xj + iYj G CTM, j = 1,2. 

Corollary 2.1. The Riemannian metric h, the complex structure J, the TWT connection, the 
torsion and curvature tensors are preserved under the complex conjugation, i.e., 

h{Zi, Z 2 ) = h{Zi, Z 2 ), JZi = JZi, VziZ2 = X-^Z2, 

r(Zi, Z 2 ) = t{Zi, Z 2 ), R{Z\, Z2)Z^ = R{Zi, ^ 2 )^ 3 , 

for any Zi, Z 2 , Z 3 € CTM. 

Proof. For Zi, Z 2 , .^3 G CTM, h, J and V are preserved under the complex conjugation follows 
from the definition of the extension ( 12 .3p . 

It’s apparent that [^ 1 ,^ 2 ] = [^ 1 ,^ 2 ]. Since we already have V are preserved under the 
complex conjugation, so by the definitions of r and R, t{Zi,Z 2 ) = X Z\'Zi 2 — X z- 2 .'Z,\ — \Z\,Z 2 \ and 
R = X zfX z^X'i — X zfS Zx’X'i — X yz\,Z 2 \X‘‘i are also preserved under the complex conjugation. □ 

2.2. The structure equations. 

Notation 2.1. In this paper, from now on, we adopt the following index conventions: 

a , 6, c, d, e, • • • G {1, 2, • • • , 2n}, 
j,k,l,r,s,- ■ ■ G {0,1,-- - ,2n}, 
a,l3,'y,P,\RY ■ ■ G {I,-- - ,n}, 
a = a + n. 

The order of index j is defined to be o{j) = 2 iff = 0, and o{j) = 1 otherwise. For a multi-index 

J = Ui,--- ,js), we denote (jJ = s, o{J) = o(ji) H-h o{js), ■ ■ ■ x^, Zj = Zj^ ■ ■ ■ Zj^, 

and dj = d^/dx^ ■ ■ ■ dx^. 

In this subsection, we consider the structure equations with respect to a general frame {Wjf, 
where {Wa} are horizontal and Wq = T is the Reeb vector field. Let Ug be a neighborhood of 
a point q where this frame is defined. It’s easy to see that h{T,T) = 0{T) = 1 and h{Wa,T) = 
d(Wa) = 0 by (11.11) . In horizontal space, we set h{Wa,Wb) = hah and using hab and its inverse 
matrix to lower and raise indices. And the Einstein summation convention will be used. 

Let {9^ be the coframe dual to {Wj}. Write XWj = wj’ 0 Wk, with the TWT-connection 
1-forms = T\j9'‘. For the almost complex structure J, we write J = J^i.9^(ZWi or equivalently 
JWk = J\Wi. 

Proposition 2.2. 

4 = 0 , 4 = 0 , F^o = 0 , F 0 . = 0 , 

4 = 0) 4 ^ ^ -Jba- 


(2.4) 
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Proof. Wq = 0 follows from VT = 0. And by 9{VX) = 0 for any X € HM, we have = 0. 
iOj=0 follows. r^Q = 0 and F?- = 0 follows from Wg = 0 and Uj = 0, respectively. 

Note that (11.11) implies some useful relations (cf. p. 351 in [T7]i. 

JT = 0, 9(JX) = 0, 

(2 5) 

h{X,Y) = h{JX,JY)+9{X)9{Y), d9{X,JY) =-d9{JX,Y), 

for any X,Y £ TM. JT = 0 implies J\ = 0, and 9{JWj) = 0 in (|2.5p implies = 0. Since 

h{Wa, JWb) = h{Wa, J%Wc) = hacJ% = Jab, (2.6) 

holds by h{X,JY) = d9{X,Y) = -d9{Y,X) = -h{Y,JX), for any A:,y G TM, we get Jab = 
h{Wa, JWb) = -h{Wb, JWa) = -Jba- □ 

The Webster torsion is defined by 

n{X) = t{T,X), XeTM, 

(cf. p. 279 in [3]). We have the following lemma for the Webster torsion. 

Lemma 2.1. Let {M,9,h, J) be a contact Riemannian manifold and T he the Reeb vector. 
Then: 

(1) (cf. Lemma 1 in [3jj (a) r*(T) = 0, (b) r*oJ + Jot* = 0, (c) t^TM C HM, 

(d) r*T(b0)McT(0’i)M, r*T(0-i)McT(b0)M. 

(2) (cf. Lemma 3 in [3]J The Webster torsion r* is self-adjoint, i.e. h{T^.X,Y) = h[X,TYY) 
for any X,Y £ TM. 

By (c) in Lemma [2T] (1), we can write r*(lTa) = And we define r“ := We also 

write R{Wk, Wi)Wj = Y'Wk'^WiWj - ^Wi'^Wk^j - '^[Wk,Wi]^j = for the components 

of the curvature tensor. 

Recall that we have the following identities for exterior derivatives 

</. A ^ P { X , T) = i (</.(A)V>(T) - f ^ iX ) cf { Y )^ , 

X4() A lA) = 2{^ A fj){X, •) = cfiX)^( - f:{X)cf, 

2{dcl>){X, Y) = XiefiY)) - Y{^{X)) - <f{[X, T]) = {V x<()Y - (Vy,/.)X + ,/.(r(X, T)), 

where (f and if is any 1-form. The Lie derivation of a differential form (f is given by 

^x(j) = Xjd(j) + d{Xj(j)). (2.8) 

Note that here we use the definition of the exterior derivative with a factor The reason we 
use this definition is that the n-form defined is this way has the property that dx^A- ■ ■ AJx”’ 
equals to the Lebesgue measure on R”. We may refer to Section 4 in [2] for these identities. 
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Proposition 2.3. With Jab, Aab, Racd defined as above, we have the following structure equa¬ 
tions. 

do = + 24 ^ 0 “ + 4 ^ 0 “ A 

de'^ = 9^^ Auj^ + 9At^ = 9^^ A ojI + Ap A 9\ 

dwi -u:lAul = Ra\-^9^ A r + \Ra\,9^ A + \r ,^A + Ra\-,9 A9~^ - Ra\^9 A 9\ 
R{X, Y)Wa = 2{dLoi -col A ^c) (X, Y)Wb. 

(2.9) 

Proof. By (|l.ll) and (|2.6I) . we have d9{Wa,Wi3) = h{Wa, JWg) = Jap, d9{Wa,W^) = 4 ^, 
d9{Wa, Wp) = 4/3- We also have d9{T, ■) = 0. So the first identity in (12.91) follows. 

Substituting fi = 9^, X = Wc and P = in (I22D, by iVxfi)Y = X{fi{Y)) - xY) for 

any 1-forms fi, we get 

2d9<^{Wa, Wd) = i^wjnWd - {Vw.enWc + 0“(r(PPc, Wd)) = -9‘^(VwM + 

= -Kd + r^c = 2(0' A col + A19 a 9^){Wa, Wd), 
by (EU) and (|2.7p . And similarly we get 

2d0“(r, Wd) = (VT0“)Wrf - (Vu//“)T + 0“(r(T, Wd)) = -d'^iVrWd) + A^ 

= + AS = 2 (^ 0 '’ A col + A19 A 9^'^ (T, Wd). 

So the second identity in (12.91) holds. 

For the fourth identity of (|2.9p . we have 

R{X,Y)Wa = VxVyWa - VyVxWa - V[x,Y]Wa 

= VxUiY)Wb) - XyUiX)Wb) - coliiX, Y])Wb 

= xU{Y))Wb - YU{X))Wb - coliiX, Y])Wb + coliY)coliX)Wa - coliX)ujliY)Wa 
= 2{dujl-ujlAcol)iX,Y)Wb, 

by the definition of curvatures and ()2.7I) . The third identity of (|2.9p follows by applying both 
sides to X = Wj, Y = Wk in the fouth identity of (|2.9I) . □ 

Remark 2.1. Note that the structure equations (13), (14) and (39) in [3] are the special case of 
(12.9p with respect to a T^^’^^M-frame. 


Consequently, we have 
Ra\d = ‘^{dio’DiWa, Wd) - 2 col A coliWa, Wd) 


= i^wA)iWd) - iVwA)iWc) + Ar{Wa, Wd)) - TlaTl + WdaA 

= WWla - WdTl - AVwM + A^W.Wa) + Col{2h{Wa, JWd)T) - WAde 

= WcA - Wdfila - KdA + AA - Ka^e + AA + KaJcd, 


+ rs„r: 


( 2 . 10 ) 


by (|2.ip . (12.7p and the fourth identity in (12.9p . 
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2.3. The special frame and the normal coordinates. = C” x M with coordinates 
X = (z, t) has the structure of the Heisenberg group. The Heisenberg norm is |x| = {\z\^ + . 

Here we choose the contact form Q = dt — iz°‘dz°‘ + iz°‘dz°‘ on and set 0“ = dz°‘. Their 
dual are 


Zn = 




Zrr — 


d 


— IZ 


‘I 

dt' 


On the orbit of the the parabolic dilation is a parabola through 0 G Recall that 

in the Riemannian geometry, the classical exponential map sends radial lines in the tangent 
space to geodesics. Similarly, in the CR geometry, Jerison and Lee m defined the parabolic 
exponential map, which sends a parabola in the tangent space to a parabolic geodesic. In a 
contact Riemannian manifold, the parabolic exponential map can be defined in the same way 
as in the CR case. A smooth curve 7 ( 5 ) in a contact Riemannian manifold M is a parabolic 
geodesic if it satisfies ODE: 


Vjj = 2cT, 


( 2 . 11 ) 


for some c G M, where V is the TWT connection and T is the Reeb vector field. We have the 
following proposition. 


Proposition 2.4. Let {M,9,h, J) be a contact Riemannian manifold and q G M. For any 
W G HqM and c G M, let 'j = 7 vf,c denote the solution to the ODE (12.1111 with initial conditions 
7 ( 0 ) = q and 7 ( 0 ) = W. We call 7 the parabolic geodesic determined by W and c. Define the 
parabolic exponential map ^ : TqM ^ M by 

T(lT + cr) = 7 ^,e(l). 

Then T maps a neighborhood of 0 in TqM dijfeomorphically to a neighborhood of q in M , and 
sends sW + s^cT to 7 vf,c('S). 

Proof. The proof is the same as that in the CR case (Theorem 2.1 in [11]) since the integrability 
of J is not used. Choosing a coordinate {x*} centered at q, we let denote the Christoffel 
symbols of the TWT connection in these coordinates, i.e. ODE (12.IIP can 

be written as 

7 ^(s) = -r^,.( 7 (.))f (s)f (s) + 2cT\^{s)fi (2.12) 

where 7 ^(s) = ^( 7 ( 5 )), l^{s) = and = dx^{T) in these coordinates. This 

proposition follows from the uniqueness of the solution to this ODEs and smooth dependence of 
the solution on the parameters. □ 


A vector field X G M is called parallel along a curve 7 ( 5 ) if it satisfies 

V.yX = 0. 

Proposition 2.5. Suppose X is a vector field defined in a neighborhood of q in M which is 
parallel along each curve 7 vf,c- Then X is smooth near q. 

This proposition can be proved in the same way as Lemma 2.2 in m since the integrability 
of J is not used. Choosing coordinates {x*} centered at ( 7 , we can write X = X^-^ for some 
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functions Xj. For each curve 7vi/,c('S), we write S,^{s,W,c) = Then the differential 

equation = 0 becomes: 

^e{s,W,c) = 

with initial condition ^-^(0, VF, c) = X-^(O). X is smooth since the solutions to this ODEs depend 
smoothly on parameters. 

As introdnced before, the complexification of the tangent space CTgM at point q has a uniqne 
subbnddle M such that JX = iX for any X € Set M = and for 

any X € M, JX = —iX. Furthermore, we choose an orthonormal basis of the horizontal 
space with respect to the metric h at point q as in the following lemma. 

Lemma 2.2. IFe can choose Wa-q € and Wa-q := Wa-q € M, such that 

h{Wa-q, Wp.q) = 5^-p, hiWo^.q, Wp,q) = 0. 

Proof. Choose a real vector {Xi} on HqM such that h{Xi,Xi) = 2 and set X^+i := JXi. 
Then by /i(Ai,A„+i) = h{Xi,JXi) = de{Xi,Xi) = 0 and h{Xn+i,Xn+i) = h{JXi,JXi) = 
h{Xi,Xi) = 2, Xn+i is orthogonal to Xi. We can choose X 2 orthogonal to span{Xi, JXi}, and 
define Xn +2 '■= JX 2 . Repeating the procedure, we can choose an orthogonal basis Xi, - ■ ■ ,X 2 n 
with h{Xa,Xi,) = 25ab and JXa = Now define 

Wa;q := ^(Xa - iXa+n) = Wa;q = W^. (2.13) 

We see that Wa-,q € Tq^’^^M and Wa-q G Tq^’^^M. Then by (I2.13p and C-linear extension ()2.3F 
we have/i(lFQ,;g, IFg.g) — -ghi^Xa 'iXa-\-m XpiXj^_^_.|f) — j(/i(Aq,, A^) A— ^o/3 
and h{Wa-,q, Wp.q) =0. □ 

We extend {Wa-,q} by parallel translation along each parabola 'yw,c, he. '^-yWa = 0. Let 
Wa = Wa, so Wa is also parallel along 7 vf,c- T is automatically parallel along each curve 7w,c 
by VT = 0 in (12.ip . Since every point in some pnnctured neighborhood U near g is on a uniqne 
7VF,C) the frame {Wa, Wa,T} is well-defined and smooth near q by Proposition 12.51 We call snch 
a frame a special frame. 

Let {6^, 6^, 9} denote the coframe dual to {Wa, Wa,T}, i.e., 9^{Wa) = Sa, 9^(Wa) = 9^{T) = 
0, and 9{Wa) = 9{Wa) = 0, 9{T) = 1. From now on we denote 

Wo := T, 0 ° ;= 9. 

Since VT = 0, we have V.^Wfc = 0. So 0 = X.y{9^{Wk)) = {V.y9^){Wk) + 9^{V.yWk) = 
{X.y9^){Wk) holds for each geodesic 7(5). Namely, X.y9^ = 0 along each 7, so is 

also parallel along each 7. We call such a coframe a special coframe. Define an isomorphism 
L : TqM —>• by l{V) = {9°‘{V),9°‘{V),9{V)) = {z°‘,z°‘,f), which determines a coordinate 

chart i o in a neighborhood of q. We call this chart the normal coordinates determined by 

{Wa,Wa,T}. 

Remark 2.2. (1) In the CR case, Jerison and Lee chose a RT’^^lM-frame at q with norm 
hiWa-,q,Wp.q) = 2(5^^, fi(IFa;g, IF/ 3 ;g) = 0 to construct a special frame. This is becanse they 
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used the structure equation d9 = ih^pO'^ A 6^ (cf. p. 307 in m)- But here in contact Riemann- 
ian case, we follow [3j to use the structure equation dO = —2ih^p9°^ A 9^ (cf. (13) in i) for a 
J'(^’*^)M-frame at q. That’s why we choose a M-ixame at q with norm as Lemma 12.21 to 
construct a special frame. 

(2) By Corollary 12.11 since Wa = Wa holds for our special frame, the complex conjugation 
can be reflected in the indices of the components of hat, Rated and their covariant 

derivations, e.g., 

P (3 j0 jP T —7 7 

UJa — J a — J q ; — ^a.p‘ 

Proposition 2.6. A special frame {Wj} is parallel along each parabolic geodesic and satisfies 

~ ^aP — 0 ) 

= 0, (2.14) 

'^apio) ~ ~'^^api JapW) = 0, = —Jp- 

Proof. By V/i = 0, we see that 

^ {habilis))) = h{V^Wa, Wb) + h{Wa, V.^Wb) = 0, 

along each 7. So h^p = 5^p and hap = 0 hold near q. 

J^a{q) = id^ and J^a{q) = 0 follows from Lemma 12.21 bv our choice of the special frame at 
q. Then by (12. 6 p . Japio) = ^apJ'^piQ) = —Idap and Japig) = hapJ'^piq) = 0 hold. For the last 

identity in (12.141) . we have = Jap = —Jpa = —hp^j\ = —J^a by ha^ = <^07 and 

the anti-symmetry of Jab in Proposition 12.21 □ 

Remark 2.3. Recall that when {M,9,h, J) is a CR manifold, Q = VJ = 0, and so J is also 
parallel along each parabolic geodesic. Hence (J^^) is a constant matrix near q (see Proposition 
2.3 in |11]L But on a contact Riemannian manifold {M,9,h, J), Q = VJ may not vanish. So 
j\ may not be constant near q. We only know that J^aid) = ida and J^a{q) = 0 at the point q. 

The following corollary follows from Lemma l2.II 


Corollary 2.2. With respect to a special frame, we have 

-^aig) ~ b, A^pipf) = 0, Aab = Aba- 

The parabolic dilations in this coordinate {z,t) is ds{z,t) = {sz,s'^t) for s > 0, the generator 
of the parabolic dilation is the vector field 


d - d d 

p,^ . = + 2t—. 


(2.15) 


A tensor field (p is called homogeneous of degree m if = mtp. For any tensor ip, we denote 
ip(^rn) as the part of its Taylor’s series that is homogeneous of degree m in terms of the parabolic 
dilations. So .^pip^m) = If is a differential form. 


<J(m) = + d{P-‘‘P))(m), 


(2.16) 
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by Cartan’s formula (I2.8p . For example, dz°' is homogeneous of degree 1. = t, dt and 0 is 

homogeneous of degree 2. and ^ is homogeneous of degree —1 and —2, respectively. With 
respect to a normal coordinate, we define the vector fields by 


dz» Zo 

and their dual 

e° = dz^, = Q = dt-iz^dz^ + iz^dz^. 


(2.17) 

(2.18) 


Hence Za and Zq are homogeneous of degree —1 and degree —2, respectively. Namely Zj is 
homogenous of degree —o{j). 


Remark 2.4. In this paper, if indices a and a both appear in low (or upper) indices, then the 
index a will be taken summation, e.g. 


Q = dt — iz' 


^dz^ + iz^dz^ = dt- 


>E 




'^dz^ 


Theorem 2.1. On a contact Riemannian manifold (M, 6, h, J), suppose F is a smooth function 
defined near q. Then with respect to the normal coordinates, for any m, we have 

o{K)=m 

The notations of the multi-index are defined as in Notation 2.1. 


This theorem can be proved exactly in the same way as Lemma 3.10 in HH since the integra- 
bility of J is not used here. 


2.4. Homogeneous parts of the special frame (coframe) and the connection coeffi¬ 
cients. As in the CR case in m, there exists a simple relation between the Euler vector field 
P and the special coframe. 

Lemma 2.3. With respect to the normal coordinates {z^,z^,t), we have 

9{P) = 2t, r(P) = uj^{P) = 0, (2.20) 

where P is the Euler vector field. Equivalently, P = + z°‘Wa + 2tT. 

Proof. This lemma can be proved in the same way as Lemma 2.4 in m since the integrability 
of J is not used. We mention it briefly. We need to show that (I2.20|) holds along each parabolic 
geodesic 7vf,c- Fix a vector W + cT at q with W G PlgM and c G M, we write W = w^Wa-,q. In 
these coordinates, the parabolic geodesic 7 = ^w,c is given explicitly by 

(2;“,t) = ^(s) = (su;“,s^c), 

by Proposition 12.41 Note that by the definition (I2.15p . Py(s) = P{sw°-,s^c) = Z)a 

Then by explicit computation 7 ( 5 ) = ~ s 0. Along 7 , by 

V 0 = 0 , we have 


^ ( 0 ( 7 ( 5 ))) = 0(V^7(5)) = 0{2cT) = 2c, 
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and so 0 ( 7 ( 0 )) = 0, 6{'y{s)) = 2cs. Then 6{P) = 0(sj(s)) = 2s^c = 2t. Similarly by using 

= 0 , 

jLe^(A^(s)) = 0“(V^7(s)) = 0“(2cT) = 0. 
as 

Note that 0 “( 7 (O)) = 0“(1T) = We get 0 “( 7 (s)) = t(;“ all along 7 . So 0“(P) = @“( 57 ( 5 )) = 

For the last identity in (I2.20p . note that we have io^{P)9^ = 0 by Vp0“ = = 0 by 

0“ being parallel along each parabolic geodesic. Since 0^ are independent, we get (jJ^{P) = 0 for 
any a, b. □ 

Then by Lemma 12.31 we have the following proposition: 

Proposition 2.7. With respect to a special frame and under the normal coordinates defined as 
above, we have 

‘^a(m) — ~i^a + Ra 

^U) = + dz’’) (2.21) 

TTl (m) 

0 (^) =-( 2 J,fez“ 0 ^ + 2 dt) . 

^ ' m (m) 


Proof. We have 




+ /;.Va99-/;7„9a«- 


(m) 


1 

m 


(^Ra\,iz^e-^ - zH^) + - z^e^) 

+ - zH^) + Ra%i,{2t9P - z^9) - Ra\o{2t9^ - z^9) 

= ~{Ra cdZ^G'^ + 2tRa0dd'^ + (m) • 


(m) 


by (12.71) . (j2.9l) . (I2.16|) and uj^{P)=0 in (I2.2UD . Here we also use the relation Rajf. = —Rakj 
the curvature tensor. Similarly we get 


0f^) = ^ (^Pjd9^ + d{9\P))^ = ^ (^Pj(^0“ a + 40 A 0“^ + dz^ 

= —(z^ojI + 2tA^X - , 

V / (m) 


(m) 


by ([221), (122]), (I2T6]) and (12:20]) . 
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Noting that Jab is anti-symmetric, we get 

^(m) = + d(0(P)))(^) = ^ rPj(J„/30“ A9f^ + A9~^ + A 9~^) + 2dt 


(m) 


1 


1 


= — ( - z^9^) + 2J^p{z^9^ - z^9^) + J^-p{z^9^ - zH^) + 2dt 


m 


= - 2Ja,pz^9^ + 2J.Z^9^ + 2Js,pz^9^ + 2J^3Z^9^ + 2dt) = -{2JabZ^9'^ + 2dt) 


(m) 

anb 


(m) 


m 


(m) 


by (|2.7li . (I2.9D . (I2.16p and (I2.20p . Proposition 12. 71 is proved. 

Then we have the following corollary: 

Corollary 2.3. With respect to a special frame, we have 


□ 


1 


^a(l) = ^a(2) = cd{<l)z''dz , 

9\^-^=dz\ 0 ^ 2 , = 0 , 


'{ 2 ) 


a „cjd 


d( 3 ) = a^a cd{Q)z''z''dz , mod szf, 


( 2 . 22 ) 


0(2) — 0, 0(3) — -^Jab(l)Z°'dz^, 

d(4) = ^Jab{q)RecdiQ)z''^''z:^dz‘^ + \jab(2) z""dz^, 


mod si, 


where si means terms linearly depending on Af^{q). 

Proof. By the first identity in (I2.2ip . it’s obvious that bo^a{i) ~ Then it follows from the second 

identity in p2.2ip and w^(i) = 0 that 0|'^^ = dz^ and = 0- 
By the third identity in (12.211) for m = 2 and (12.141) . we get 

0 (2) = dt + Ja,^{q)z°‘dz^ + Jpat{q)z^dz°‘ = dt- i6a,0Z°'dz^ + i6a,0Z^dz°‘ = 0. 

By the third identity in (12.211) for m = 3 and = 0) 0(3) = ^Jab(i)Z°‘dz^. By (j2.2ip for 

m = 2 and 0^, = dz'^, we find that = ^Rj^^^{q)z^dz'^. Hence 


3 6 

holds by (I2.2ip . And so we also have 


( 2 ) 

d( 3 ) = ^^“^a( 2 ) = \Racd{q)z‘'z^dz’^, mod si, 


1 


0(4) = -{2Jab{q)z‘^9\^^+2Jab(2)Z^dz^) 


= i^Jab{q)Re\d{q)z°‘z^z^dz'^ + ^Jab{ 2 )z''dz\ mod 


an...b 


12 


by (imi) and (iTm) . 


□ 


Remark 2.5. (1) In the CR case, Jerison and Lee [TT] used the identity d9{X,Y) = h{JX,Y). 
But in contact Riemannian case, people usually use d9{X, Y) = h{X, JY) = —h{JX,Y) (cf. [3] 
or m)- So Jab is different from m by a factor —1. That’s why we choose 0 as (|2.18p . which 
coincides with standard contact form in m up to signs. 
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(2) We choose dVg = {—1)^9 A {d9)^ as the volume form on (M, 9, h, J). And we will see later 
in Section 5 that the volume form dV = (— 1)”0 A {dQ)'^ on the Heisenberg group is positive 
(cf. (IS.Sp l. 

(3) Recall that in the CR case 0(3) vanishes by the integrability of J (cf. Proposition 2.5 in 
m)- While in the general case, 0(3) may not vanish. 

2.5. The asymptotic expansion of the special frame. We can also examine the Taylor 
series of Wj in terms of Zj's under the normal coordinate {z,t). We write 

Wj = s]Zk = s^Z^ + sfZ^ + s°Zo, (2.23) 

for some functions Sj (following the idea of p. 327 in [3]). As mentioned above, Zj is homoge¬ 
neous of degree —o{j), so we can examine the Taylor series of Wj by the Taylor series of their 
coefficient functions Sj. We denote ip € if all the terms in the Taylor series of ip in normal 
coordinates are homogeneous of degree > m. It’s easy to see that if (/? € ^mi, V’ ^ then 
ipip G 


Proposition 2.8. With respect to the normal coordinates, for the functions Sj defined as (j2.23p . 
we have: 

„a — a _ _ n _ n 

®/3(0) “ ®/3(0) “ "0’ '®/3(0) “ '5/3(0) “ '56(1) “ 

1 

c 


4 ( 2 ) = , mod 

„o — gO _ n eO — ^ r , , 

56(0) ~ 5^(3) — u, Sf,(2) — „Jba(l)Z , 


(2.24) 


56(3) = ^J„fe(2)2“ - ^Jab(2)Z'^, mod 




5o(0) ~ 5o(o) — 1, So(i) — 0. 


Proof. By 0“^^ = and 0(2) = 0 in Corollary 12.31 9°‘(Wb) = <5^ and 0(147,) = 0 lead to 
W/ 3 (_ 1 ) = Zp, W^(_ 1 ) = Z^. By 9'^iWb) = 6^ and 0“ ^ = 0, we have 


0 — + 0^2) + '^3)(^6 + 4{l)^c + 4(2)^0 + “ ^z‘^ {4(l)^c) + (^(2){Zb) — Sb)!)- 

Equivalently we can write lPf,(o) = 5^(2)-^o = 0, mod Zq. And we have 


f* ~ '^6(2) ~ ^ (^Z°' + 0^2) + (^(3) + (^Zb + 117)(0) + 117)(1) + ^2^ 
= 0^3)(Zfe) -I- dz°‘{Wb(i)) = 9^.^^{Zb) + s^( 2 ). 


( 2 ) 


and so 


56(2) = -^“3)(^6) = . 

By 9{Wb) = 0, we have 0 = 0(117,(o)) + 0(3)(lR6(-i)) = Sb( 2 ) + G(3){Zb), i-e. s°( 2 ) = -0(3)(-^6) = 
“|'^a6(l)^“ = |'^6a(l)^“- AlsO 0 = 0(4) ( 117 )(- 1 ))+ ^(3) (B7)(0))+©(^^ 6 ( 1 )) = ^(4) (-^6)+0(3) ('* 6 ( 2 )-^o) + 
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0 (s“( 2 )-Z'a + 'Sfe( 3 )^o), which gives 

^6(3) = -^(4)(^6) = -^Jaf{q)Rj^i,{q)z’^z‘^z^ - ^Jab( 2 )^“, mod 

= -^Japiq)RfM^'^^''^'^ - - \jab{2)z'' 

= -^Rd'cb{q)^'"^^z‘^ - ■^Rd\biq)^‘^Z^^‘^ - \jab(2)z'" - ^^a6(2)^", 


mod , 


by (imH and 

By 9{T) = 1, we get 

1 = 6»(2)(Tdo(_2)) = ©^•So(o)^^ = ■So(o)> 
and Vho(_ 2 ) = ■§i- By the fact that 0(3) has no dt term (see (|2.22D i. we get 

0 = 0{3)(W^(-2)) + ^'(2)(^o(-i)) = 0^So(o)-^a + '5o{i)^^ = 'So(i)- 
By 0“(T) = 0 and 0^2) = 0 in (I2.22D . we get 


0 — 0“2)(W^O(-2)) + ^“i)(^o(-i)) — — s 

We finish the proof of (|2.24ll . 


a 

0 ( 0 )- 


□ 


By Proposition 12.81 we have 

Wa = Za + ^0 = Za + -Jab{l)Z^-^ + = Za + -Jab{l)Z^-^ + 8^(2)-^?) + 'Sa(3)-^0; 

o (2-25) 

W^O = ^ + ^0, 

where s|(( 2 ) ^-'^d 5 ^( 3 ) are given by (|2.24p . In our case, Wa has extra term ^Jab{i)Z^-§i, which 
vanishes in the CR case (cf. p. 314 in |llji. 

Corollary 2.4. With respect to a speeial frame centered at q, the connection coefficients vanish 
at q, i.e., 

r'fc(g) = 0, (2.26) 

Proof By = 0 in (| 2 . 22 p we get rca(0) = ‘^a(i)(^c(-i)) = 0- Again by (| 2 . 22 |), w^(^) = 0 and 
^a{ 2 ) having no dt term, we see that roa(g) = ^a{ 2 )(^o(- 2 )) +‘^a(i)(^o(-i)) = 0 - We also have 
r'o = 0 by VT = 0 and = 0 by 0(VxR) = 0 for any X,Y e HM. So STm follows. □ 


3. The asymptotic expansion of the almost complex structure, the curvature 

AND TANNO tensors 

In this section, we will discuss the curvature tensor, the Tanno tensor and the almost complex 
structure with respect to the special frame centered at q. 
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3.1. The Tanno tensor at point q. For the Tanno tensor, we write Q{Wj, WP) 
Q^jPVi. The components of the Tanno tensor can be written as: 

= = 

Q\, = Wkf^-Tpf, + Tij^,. 

(3.1) 

So at the point q, we have 


Q\Pq) = Wufpq), 

(3.2) 

bv 112.261). And noting that 0'^p = 0^ - bv definition, we set 


^ - Qlg{Q)Ql-p{<l) = \Qlg{(l)?- 

(3.3) 


«,/3,7 


Proposition 3.1. With respect to a special frame eentered at q, ~ *^0/3(1) ~ 

Proof. Since J^Wa = —Wa means J\J\ = —dZ, we get 

n — P +7^ P P- + 7^ P- — 2 i P 

^ a(O)"' /3(1) ^ ^ q(I)"' /3(0) ^ a{Op /3{l) ^ a(l)"' /3(0) “ «(!)’ 

by (|2.14l) . Hence = 0. And so = ^a 7 >^^^(i) = 0- 


□ 


Proposition 3.2. With respect to a special frame centered at q, components of the Tanno tensor 
Q at q satisfy the following relations: 

Qab = Qoj = Q% = 0 , 

QlM=QlgW)=QlM=^^ (3.4) 

QU^)Qlg{<D = 

In partieular, Q{q) ^ 0 if and only if 0.> 0. 


Proof. = 0 follows from that for any X,Y £ HM, we have 

9 iQ{X, Y)) = 0((Vy J)A) = h{T, (Vy J)X) = h{T, Vy (JX)) - h{T, JVyX) 

= e{XY{JX)) - 0(jVyX) = 0, 

by (jl.ip and JX, Vy{JX), JVyX all being horizontal. 

Q^j = 0 follows from Q{T,Y) = {VyJ)T = Vy{JT) - JVyT = 0 by JT = 0 and VT = 0. 
By ([32]) and Proposition EH Q'lpiq) = WgjPiq) = bP/3(-i) + H(a(o)(-^'^„(o)) = Similarly, 

= 0- 

To prove Q^q = 0 and = 0, recall that 

2 h{Q{X, Y), Z) = h[N^^\x, Z) - e{X)N^^\T, Z) - 9 {Z)N^^\X,T), JY^ , (3.5) 

for any X,Y,Z £ TM (cf. (15) in [3]), where 

AtIB = [J, J] + 2 {d 9 ) (2) T, [J, J] {X,Y) = P [X, Y] + [JX, JY] - J[JX, Y] - J[X, JY]. 

Q^q = 0 is equivalent to Q{X,T) = 0, for any X £ TM. Apply T = T to (|3.5p to get 
h{QiX, T),Z )=0 for any X,Z £TM by JT = 0. 
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Substituting X = Y = Wa, Z = Wp into (13.511 . and noting that h{JX, JY) = h[X, Y) for 
any X,Y G HM, we get 

2h^pQl^ = Wp), JWa) = h{[J, J]{Wp, Wp), JWa) 

= h{j‘^[Wp, Wp] + [JW^, JWp] - J[JW^, Wp] - J[W-p, JWp], JWa) 

= -h{[W-p, Wp], JWa) + h{[JW-p, JWp], JWa) - h{[JW-p, Wp],Wa) - h{[W^, JWp],Wa). 

(3.6) 

by using (11.111 . Note that [X, = Y'xY — YyX — t{X,Y) and t(X,Y) = 0 mod T, for any 

X, y € HM. We find that 


[W-^,Wp] = YwpWp-YwpW-p = Tl-Wa-W--^Wa, mod T, 

[JW-p, JWp] = Yjc_wSJ%W,) - Yj<i^w,iJ"-pWc) 

= J^WaJ%)Wd + jy^pViWd - J%{WaJ'^^)Wd - jyytWd, mod T, 
[JW-0,Wp] = -WpJ‘^^Wd + J%T%Wd-JY%Wd mod T, 

[W-p,JWp] = WpJ%Wd + JY$c^d-JY%Wd mod T. 

Then ()3.6p becomes 


2QP^a = ( - + [j%WaJ%) + jyYce “ J%WcJ'^^) - jy^tj j{hdf 

+ {WpJ^-^ - jyi-p + JY%) had+{- W-^J% - JY% + J^pr%) had, (3.7) 

by writing JWa = J^aWf and h^p = 6.yp. ()3.7p will be used later. 

At the point q, (13.711 for a = a becomes 


2gj-„(g) = (^rp{q){WaJ%q) - JY{q){WaJ%){q)^ jUq)hdf + WpJ'^-^{q)ho^d - WpJ%{q)ho.d 

= WpJ%{q)ha.p - WpJ~^-^{q)hap + WpJ~^-^{q)ha^p - Wj^J%{q)hap = 0. 

by vanishing of connection coefficients (I2.26p . So Q'^^iq) = 0. 

It remains to prove the last identity in (13.411 . Similarly at the point q, for a = a, (]3.7p becomes 

2Q^Jg) = 2h^pQj^{q) = J%{q){WaJ%){q)jfMhdf - J%q){WaJ^^){q)ji{q)hdf 

+ WpJ^^{q)had - WpJ%{q)h^d 

= -W-^J%{q)h^p + WpJ^-^{q)h^p + WpJ^-^{q)h^p - W-^J%{q)h^p 

= -2Q^.^{q)hpd. + 2Qj-((z)hp^ = 2Q^-(g) - 2g“^-(g) 

by (13.2p . Taking conjugate on the both sides of last equation, we get Q^q(^) = Q^piq) ~ Qpjsiq)- 
Then we have 



= E - 2 E 

a,l 3 ,p a,l 3 ,p 
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By changing indices, we get \QlpiQ)? = ^- D 

a,/3,7 

Remark 3.1. On a contact Riemannian manifold, if we choose a local T^^’^^M-frame, only 
is non-vanishing for the Tanno tensor Q (cf. (16)-(18) in [3]). Here we have the similar property 
at point q. 

3.2. The asymptotic expansion of the almost complex strncture at point q. 
Proposition 3.3. With respect to a special frame centered at q, we have 

4 / 3 ( 1 ) = J\i) = 


Jam = 4. 

Proof. By Q%{q) = 0 in p.4p and the expansion ()2.19l) . we get 


(3.8) 

(3.9) 


J n 


,3(1) = = 4,3(1) = 4Z4“/3(g) = Z<^Q%{q) = Q%{q)z^ 


It follows from J^aJ\ = ~^a that 

n — jh p I jh t7 I jP ji 


jh 


J 


7 


h p -1-7'^ p -I- p -V- p 

a(0p /3(2) ^ " app /3(1) ^ a(2p /3(0) + a(0p ,3(2) + a{lp pi) + a(2)" ^(0)' 


By (12.1411 and Proposition 13.11 we get 2iJ' 


'! jh ji_ _ Q ; „ r: 

«(2) ^ «(!)"' ,3(1) “ a{2) - 2^ a(l)^ p(l)‘ 


P 




J. 


aP(2) 




2 ,3(1) p(i) 2 hP) 2 hP) "(^1 


So 






Z Z' 


by (|3.8I1 and «/“(i) = ~J'^a{i) ^|2.14l) . We complete the proof of this proposition. 

Proposition 13.11 and Proposition 13.31 leads to the following corollary: 

Corollary 3.1. s°) 2 ) (12.241) in Prooosition \2.8\ can be rewritten as 


□ 


"° = 4(2) = ^<3s7(p)44. 


^/3(2) 


The following relation shows that 4^(2) is independent of t. 


Proposition 3.4. 


J'^P{2) — 4 / 3 ( 2 ) — „^cZdZcZ(iJap{.Q)- 


(3.10) 


Proof. By expansion (j2.19p . 


1 - dJ\ 

J'^p{2) ~ '^ZcZdZcZd'P^iq) +t—^^{q). 


To get this proposition, we need to prove that = 0. 

By ([31^ and ((Til) . 0 = Q^aiq) = WaJ'^/^iq). Noting that Ho(_ 2 ) = IPo(-i) = 0 (cf- (12.251) 1 
and «-f4o) “ (‘^^^ (Eim))) we get 

0 = wp(q) = (A^p)) + >ro(-.) (a,,(i)) + IToio, (A„,„) = 

By hab being constant, we get ^JapiQ) = ha^—^{q) = 0. So we prove Proposition 13.41 □ 
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3.3. The asymptotic expansion of cnrvatnre tensors. 

Proposition 3.5. With respect to a special frame eentered at q, we have 

^ ■ (3-11) 

In particular, 

(3^12) 

Proof. At the point q, it follows from (I2.10p and (|2.26p that 

- z, . (s.is) 

Let us calculate By ([3H), we have: Q'l^ = WaJ^^ - So = 

= -Ql --{WaJ\) . (3.14) 

«/3(i) 2 2 (1) 

First we deal with the term in l|3.14p . Take index a to be a in (|3.7p and consider the 

homogeneous part of degree 1. For the right hand side, noting J^a{q) = iha, J^a{q) = 0 by 
Proposition 12.61 ”0^)7 Proposition 13.11 and Q]^^{q) = 0 by (|3.4I) in Proposition 13.21 we 

have 

({- ri + ( 3 , 15 ) 

and 

I (j%W,J%) + jyYie - 

= l^y{wy%) + - yiw.y) - ^^Ji{q)h,f, 

= iy{j\i)WxJ%{q) + fYq){W-yp)^^) + jYq)J%{q)Tl 
- jywyy) - J%q){Wy^)^,) - J%{q)jy)Ty^'^ 

+ (^j'^-p{q)wyy) - J%{q)WB,jy)yiy,^ 

= ^J\y%iq) + (w-y%y - iT%^,^ - ^JyQ$M - {w,j%y + 

= (i^^4)(i) - ypJ%)w - *ri-(i) + - ^Q]-y)yii) + ^Q}-y)yiiv 
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and 






and 


(- Wpj% - j - zr?^^ 


(3.17) 


(3.18) 


Substitute the summation of (|3.15l) - (|3.18l) into (13.71) to get 
namely 

QUi) = ( 3 - 19 ) 

Now we deal with (VFq,J^^)^^^ in (I3.14p . By expansion (I2.19p . = z^Zc.J'^^{q) is independent 

with t. And note that Wa{o) = 'S°( 2 )^ by (|2.25p. So Wa{o){J\i)) = 9. By J'b(g) = 0 ( 
p2.14p l and being independent with t in Proposition 13.41 we get 


see 


+ 11"«(0) + W"a(l) + ^ 2 ) ( 


'^\l) + '^\2) + ^3 


( 1 ) 


= W^lnA JA ^ +Z„ / 


^(2) 


= J 


“(0) / 3 ( 1 ) 

= ^ (^z^Z^Z.jyq) + z^Z.Z^jyq)^ . 


^(2) 


(3.20) 


So by p.l4P P3.19I) and (|3.20p . we get 




— ( Q^q(<?)<7 ^( 1 ) fi(i) j .^\[^ZpZcJi^{q) + zZcZpJp{q) 


= 4 - QU^)QlMj - iZpZ^r-^{q) - -z^z^r^iq). ( 3 . 21 ) 

Note that for the last identity, we use the relation Q^xi^) — — -^a(<7'^(i) ) - ^a(^'"^(i)) 

by (|3.2p . and J^p{q) = 0. Similarly, we get 


1 




I 

4' 


Substituting p.2ip and ()3.22l) into (I3.13P we get p.lip . In particular, 
1 


= 4 (- Q'ficp{<i)Q%{Q) - QapiQ)QlpiQ) + Qlp{<i)Q%{<i) 

mifW) - \QU<it) = = - 1 q , 


by dSap. 


□ 
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Proposition 3.6. (An identity of Bianchi type) With respect to a special frame associated with 
9, the components of the curvature tensor R have the following relation: 

“= 0, mod WUT. (3.23) 

r means terms depending on linearly or quadratically. 

Proof. Differentiate the second identity in the structure equations (j2.9l) to get 

0 = d9^ Aojp — 9^ Adojp + d9^ — 9^ Adu }0 + d 6 mod 9. (3.24) 

By the definition and r", we have 

d9^ A = 0, mod F, and d9 A t°‘ = 0, mod si^ 


and by the third identity in (|2.9p 

Consequently, by substituting the above identities into (I3.24p . we find that 


0 = - 


A A A A r, mod .«/U F. 


Equivalently, 


0 — xp. + Rx'isp ~ 2^p0X + 2^pxp — \p + ^xpp + -^/Ta/?) ^<2 ? 


silPT. 


□ 


4. The normalized special frame 

As in the CR case (cf. Section 3 in [H]), to simplify the calculation of the asymptotic 
expansion of the Yamabe functional, we choose a conformal contact form such that certain 
components of the Webster torsion and curvature tensors vanish at the point q. 

Consider the conformal transformation 

9 = e ^^ 9 . (4.1) 

The main theorem of this section is the following. 

Theorem 4.1. For a contact Riemannian manifold {M,9,h, J), there exists {M,9,h, J) with 
9 = e^'^9, such that 

= 0 , Ao,0{q) = 0 , 

where o.nd Aap{q) are the components of the curvature tensor and the Webster torsion 

tensor with respect to the special frame {Wa,T} of {M,9,h, J) centered at q. 

In this section, we will work over the frame {ITa,T} under the conformal transformation. 
And we abuse the notation to denote the components of the Webster torsion tensor and the 
curvature tensor with respect to {Wa,T} also by A^piq) and Rj^^{q). We will explain why we 
can do this later in Lemma 14.31 
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4.1. The transformation formnlae under the conformal transformation. First we do 
not change the special frame {Wa} in the horizontal space. As mentioned in (jl.2l) . under the 
conformal transformation, we have {0,J,T,h) —>■ [9, J,T,h) with 

f = + J^^u^Wb), 

Kb = e^Kab, (4.2) 

^ a ^ a") 

where Ua = WaU and And we also get Jab = K'^Jab by (|4.2|) . 

Let {9^,9} denote the special coframe. Noting that we do not change {Wa}, we require 
(^’^(Wa) = 6 a and 9{T) = 0. So 9^ change as: 

K = 9^- J%uK. (4.3) 

Lemma 4.1. //u € for a fixed special frame of the contact Riemannian manifold (M, 9, h, J), 
under the conformal transformation m, we have 

■^afS ~ ^0/3 iZo^ZpU + ffyn—l, (4-4) 

^ Tl 2 1 

^a'yfS ^ ■^q\/3 2-+ -h^pJZ’oU + ^m-l, (4.5) 

where we set .ifo = —{ZaZa + ZaZa)- 

This lemma will be proved in the Appendix A. On a contact Riemannian manifold, we have 
transformation formulae (14.4p and (j4.5p under the conformal transformation similar to the CR 
case (cf. Lemma 3.6 in [H]), but with error terms Gm-\ instead of Gra- We will see that it’s 
sufficient for our purpose. 

Lemma 4.2. Under the conformal transformation (SU), for u € Gm, m >2. The connection 
1-form of the TWT connection changes as 


Proof. First note that by pA.6p we have 

rL = rL + ^m-i, fl = rl + Gra-2. (4.6) 

By (14.111 . (14.311 and = 1 + Gm, we get 

0 = (1 + Gm)G = 9 Gm+2, 9°' = 9°' + Gm+l- 


So 



iKa + G^ 


□ 
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4.2. The conformal contact form with vanishing ^^{q) and Aa 0 {q)- As in the CR 

case (cf. p. 320 in [TT]'). we define the tensor Sah(^°' ® whose components are: 

'S'a/? = 5'^ = -(^ + = Sa/3 = 

Proposition 4.1. Sab is a symmetric tensor. 


Proof. Sa 0 and is symmetric following directly from the self-adjointness of Aab (see Lemma 
1^ . So we need to prove 
Recall that 

h{R{X, Y)Z, W) = h{R{W, Z)Y, X) + h{{LWALZ)Y, X) - h{{LXALY)Z, W) , (4.7) 

(cf. (38) in [3]), for any vector held X, Y, Z, W, where {Xf\Y)Z = h{X,Z)Y — h{Y,Z)X and 
L = J-u. Now apply gTD to X = W^,Y = Wp, Z = W^, W = Wfi to get 

h{R{W.y, W0)Wa, Wg) =h{R{Wi,, Wof)Wp, IT,) + h{{LW-^ALWo)Wp, IT,) 

-h{{LW.,ALWp)Wa,,Wp). (4.8) 

On the other hand, by the dehnition of L, h{LWa,Wb) = h((J — T*)iya,114) = h{J^aWc — 
A^Wc,Wb) = Jba - Aab- Then we get 

h{{LWpALWa)W^, W^)\g = hih{LWp, Wp)LWa, W^)\q - h{h{LWa, Wp)LW-^, W^)\q 

~ “ AQ^)|g — {J^ai ~ ~ -^p.'y)\q 

= ^iip{Q)Aa-y{q) - Jpa{q)Jm{q)^ (4-9) 

and 


h((LlR,ALlT^)lT„, Wff)\q = h{hiLW^, Wa)LW-p, Wp)\g - h{h{LWj^, Wo^)LW^, Wp)\g 

= {Ja-y — A.yo,)\g{Jp^i^ — A^p)\q — (Jq;^ ~ ^^a)\qi’^fi'y ~ ^7^)!^ 

= A^a^{q)A0^{q) - J^^{q)Jp.y{q) = A^^(^)Ao.^(g) - Jp^{q)Rf-^{q), (4.10) 

at the point q by using Proposition 12.61 and Corollary 12.21 Substitute (|4.9I) and (I4.10p to (|4.8I) 
to get Rafiy^iq) = Rp^jiM) at q. Hence = Rj^^iq) = hA^^Ro,p,yp{q) = Rayy^iq) = Rpyya = 
hyfiRp^^^iq) = Rp^J.q) = Spa- So tensor {Sab} is symmetric. □ 

Proof of Theorem \4. 1[ If u = u{z) is a polynomial homogeneous of degree m but independent 
of t, we denote u G Mm- We assume u^M 2 in the conformal transformation (14.111 . 

For the symmetric tensor Sab as above, we dehne the polynomial 

5 = SabZ'^zK 


By Lemma SU for u G M 2 , we have 


Sap — Sap (n ‘2')ZaZ pU, 

Q_Q _ n + 2 

^afi '^a/3 n 


[ZpZaU + ZaZpU) -|- --ha^i^MoU. 


2 
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Now let S = SabZ°'z^, we get 

S = SabZ°'Z^ = ~ {n 2)Z^Z z'^ -^— (Z^ZaU + ZaZpU) + 


(4.11) 


+ ^5 'q/3 - -—{ZfsZaU + ZaZpu) + —SjSa-^ 0 ^ Z^Z^ + — (n + 2 )ZaZptl^ z^z^ 

= S — {n + 2)z°‘z^ZaZbU + \z\‘^^ou. 

Note that 

rri^u = P‘^u = {z^'Za + 2z^Zo)‘^u = z^'z^ZaZf^u + iz^ z^" Z^ZaU + + Pu, 

(cf. p. 320 in [II]). Thus for u € .^ 2 , we have 

Z^'z’^ZaZhU = 2u. 

Therefore by (|4.11|) . S = S — 2{n+2)u+\z\‘^^ qu. The operator —2{n+2) + \z\‘^^Q is invertible on 
^2 by \z ^having no positive eigenvalues (cf. Lemma 3.9 in [H]). So we can find u = uq € M 2 
such that S( 2 ) = 0. Namely uq satisfies —2(n + 2)uo + |zpjSfo'Wo = ~S( 2 ) = —z°‘z^Sab{q)- Under 
the conformal transformation 6 = for such uq, we have 


R'^ 


o{q) = 0 , Aap{q) = 0 , 


a 

with respect to a special frame {lTa,T} of {M, 6 ,h, J) centered at q. Finally, we have the 
following lemma. 

Lemma 4.3. Under the conformal transformation (BH) with u € M 2 , changing the special frame 
{Wa} of {M, 9, h, J) centered at q to a special frame {Wa} of (M, 9, h, J) centered at q makes the 
value of the eurvature tensor and the Webster torsion tensor at q invariant. So we can abuse the 
notation to write ^p{q) o,nd Aapiq) no matter they are with respeet to {VFa,T} or {lTa,T}. 

Proof. Since {Wa} and {ITa} are both horizontal, we write Wa = v^Wb for some invertible 
matrix {Va}. The value of {Wa} and {Wa} at the point q are decided by relation 

/i(U^, u5) = = h{Wa, Wp), h(U^, U>) = 0 = /i(TT„, Wp), 

at q. By (gS]), if tt G M 2 , we have hab = h{Wa,Wb) = h{Wa,Wb) = (1 + ^ 2 )VaV^h{Wc,Wd) = 
Vavf{l + ^ 2 )hcd- So the special frame satishes Wa = VaWb with Va = 6 a + &\. 

By the classical theory of the differential geometry, Rabcd and Aab are covariant tensors. So 
with changing Wa^Wa = v\Wb, these components change as Rabcd^Va^v^bV'pfv'^^Ra.i^bicidi and 
Aab^Aa^biVffvl^ (it’s shown in Appendix A.2). So their value at q does not change since v is 
the identity transformation at q. □ 


So we also have 

Accp{q) = ^, 

with respect to a special frame of (M, 9, h, J) centered at q. 
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5. The proof of the main theorem 

5.1. The asymptotic expansion of the Yamabe functional. 

Lemma 5.1. (cf. Theorem 11.3 in |17]. ) For a contact Riemannian manifold {M, 6 ,h, J), the 
Yamabe functional (II.4p is invariant under the conformal transformation. 

For a contact Riemannian manifold {M, 6 ,h, J), suppose that the almost structure J is not 
integrable. There exists a point q such that the Tanno tensor Q{q) ^ 0. By Proposition 13.21 we 
must have £l > 0. By Lemma 15.11 we can choose (M, 9, h, J) conformal to (M, 9, h, J) such that 
the components of curvature and Webster torsion tensors satisfy Theorem 14.11 And £} > 0 also 
holds with respect to (M, 9, h, J). We denote this (M, 9, h, J) as (M, 9, h, J) in this section. 

Proposition 5.1. We can choose {M,9,h, J) in its conformal class such that with respect to a 
special frame {Wa,T} of (M, 9, h, J) centered at q, 

A*{-i) = o, -R„\^(9) = o, 

Proof. We only need to show the last identity since the others are given by Corollary 12.21 
Theorem 14.II and (I3.12p in Proposition 13.51 Since we already have Aab{q) = 0, = 0 and 

(t’y (12.261) 1. the Bianchi-type identity p3.23l) at q gives us 

0 = aji{<l) + R(^/3p.iQ) + R^aliid) = Ra /3fliQ) + R/l^a/siQ)^ 
which implies R^^^iq) = -R-p^p{q) = D 

Then we have the main theorem of this section. 


Theorem 5.1. For a contact Riemannian manifold {M,9,h, J) such that Q{q) ^ 0 for some 
point q. If we choose the normalized contact form and the special frame as Proposition 5.1, then 
(UHl) holds. In particular, there exists s > 0 such that ?Fg{f^) < 

We write the volume form of the contact manifold dVg = [—1)^9 A d9^ as 

dVg = (uo + V 1 + V 2 + ^3)dV, (5.1) 

where Vj is a homogeneous polynomial of degree j = 0,1, 2 and dV = (—l)”’©Ad0. By 0(2) — 0 
in (I2.22P we find vq = 1- 

Proposition 5.2. On the contact Riemannian manifold {M,9,h, J), we have the following 
expansion. 



^\^dV 0 = oo(n) + ai{n)£ + a 2 (n)e^ + O(e^), 



dVg = bo{n) + hi{n)£ + h 2 {n)£^ + O(e^), 


(5.2) 


/ R\r?dVe 

Jm 


C2(n)e^ + O(e^), 
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where 


amin) = / \^^VmdV, 
hm{n) = 2 / 

C 2 (n)= [ Riqm^dV. 


(5.3) 


m = 0,1, 2. Vm is defined as a and 


= 


E 


j 

'^rriQ ^ 


(5.4) 


mQ-\-mi-\-m. 2 =m 

mi> 0 , P 


Proof. The estimates (j5.2p is similar to the CR case (cf. Proposition 4.2 in [H]), but the third 
identity of ()5.2p is O(e^) in the CR case with R{q) = 0. We sketch the proof here. First note 
that if a function \(p\ < CF{p), then 


' a<p<b 


ipdV = 0{ I F{p)p‘^^+^dp 


If we replace {z,t) by Se{z,t) = {sz,s‘^t), we have 5*$^ = s "'<h, d*{dV) = We also 

note that <I><C'(1 + p)“^"' (cf. p. 330 in [H]). So 


I \f\^dVe= [ |V’r|d>"r(l + i;i + P2 + 0(/9^))dR 
Jm Jjf”- 

\^\P{l + evi+s\2 + 0{s^p^))dV + o( I 

f p<K/e \Jk 


fe<p< 2 Kfe 


\<l>\PdV 


[ \^\P{l+evi+e\ 2 )dV + o( H Y fipfil + p)-^^-^p^^+^dp) 

V Jk/s / 


+ 0 


fKje 


eV^(l + pY'^-^p^'^+^dp ]+0{ I (1 + 


f2K/e 


\ —An —4 2 n+l 


' k/e 


[ |4)|^’(l + eui + e^U2)dP + O(e^), 


for n > 2. So we get the hrst identity in (15.2p . Noting that \df^\‘jj = {Wo,f^0°‘+Waf^0°‘, W^f^Odp- 
Wpr0d) = + h^^Wa^Wp^ = ‘^WpfWpffi we can write 


[ ml 

Jm 


PjdVo — 2 


= 2 


/ WpfWpfdVe 

Jm 

[ +vi+v 2 +---)dv 

jjif” ^ 

= 2 j Yq + + ^2 + 0 {p^+°^Y)zmZk^^dV 

J 0<n 

+ |4>^p)dP ), 


+ 0 


'k<p<2k 
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by setting Vm as (Ell), which is a homogeneous polynomial of degree m + o{jk) — 2. And by 
noting that Zj^ and \Zj^\<C{l + then we have 

[ IdfljjdVe = 2 f + + 

Jp<Kle^—fi \Jo ^_2 ^ 


IM 


P<k/£ Q 

r 2 K,/£ ^ 


+ 0 


pAKfe ^ 
Jk/s 2_r» 


2=0 


r ^ / /*c>o ^ ^ 

2 / + O / ^ ^e-p-+*-2(l + p) 

m=0 m=0 i=2 

r ^ 

2 / V + 0(e=^). 


—4n—i 2n+l 


+ 0(e") 


So we get the second identity in (|5.2p . The third identity in (|5.2p follows from 


R\r\^dVe = 


IM 


I 


Riq)\<l>\^dv ]£^ + oy^), 


(cf. p. 332 in [H]). □ 

Note that the volume form of the Heisenberg group dV = (—1)”0 A d©” can be written as 
dv = {-lye A d0” = (-1)^0 A d0” = (-l)"dt A {-2idz^Adzy'^ 

= 2'^nldtA{idz^ Adz^)A ■ ■ ■ A{idz"'Adz"-) = A^-nldt A dx^ A dy^ A ■ ■ ■ A dx"^ A dy^ 

= 4'^n\dtdp{z) = 4"n!r2’^-idz^(C)drdt, (5.5) 

where dp{z) is the Lebesgue measure on C”’, and dv is the uniform measure on = {z € 

C"" : \z\ = 1}, normalized so that if 2 ; = rC, C € 5'^"'“^, dp{z) = y^~^drdv{C). 

To calculate Umin), bm{n), = 0,1,2 explicitly, we need the following lemmas. 

Lemma 5.2. If a real two-form uj = mapdz'^ A dz^ + 2im^pdz'^ A dz^ + m^^dz°‘ A dz^, then 

n0 A cj A d0"-^ = -<5“^m„^0 A dQ^, 

n(n - 1)0 A uj^AdQ^-^ = + ]^{5'^P5^^ - 5^^^5^P)m^pm-p^ 0Ad0". 

Proof. This is essentially Lemma 5.1 in HU. To avoid confusion, we will not use the summation 
convention in the proof of this Lemma. We can calculate that 

n0Aa;Ad0”“^ = ndtA (^im^pdz°‘ A dz^'^ A ^ — 2i ^ dz^Adz^'^ 

= {-2iyn\dtA ( - X] A d/ j A [ ^ dz^Adz^ A ■ ■ ■ a'^ Ad^ A ■ ■ ■ Adz^Adz^ 

^ a,P / \ ^ 

= (—2i)”n! y^f—maa)dtAdz^Adz^ A ■ ■ ■ Adz^Adz^ = A d0”. 
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Here dz'^ means the exterior derivative has no dz"^ terms. And for the second identity, we can 
prove in the same way as the second identity in Lemma 5.1 in 

Corollary 5.1. As defined by (|5.ip . 

^1=0; V 2 = -lR^^^^{q)zh^-^R^%-^{q)z^z^ mod zV, (5.6) 

Proof. By the definition of 


{dVe)^2n+3) = (-l)”(0Adr)(2„+3) = (-l)-(^0(3)Ad0"+n0A(d0)(3)Ad0"-i) = (-l)’^^;l0Ad0^ 


By (|2.22D . 0(3) has no dt term and so 6{^-^f\dQ'^ vanishes. Note that (|2.9p . (I2.22p and Proposition 
13.11 lead to 

((i0)(3) = Jai3(i)dz°'Adz^ + J^p^i)dz°' Adzd, (5.7) 

which has no dz'^Adz^ term. So by Lemma 15.21 0A((i0)(3) A(i0”“^ = 0. Hence vi = 0. 

By the definition of V 2 in (15.11) . we see that 

(c?be)(2n+4) = ( —1)"'(0 A (i0”)(2n+4) 

= (-l)'^ (^0(4) A de^ + n0 A (d0)(4) A d0”-i 

+ n0(3)A(d0)(3)Ad0"-i + A ((d0)(3))^d0"-2) 

= V 2 dv = {-l)^V 2 e AdQ^. 

By (|2.22l) and Aab{q) = 0, 0(4) has no dt term, and so the first term of the right hand side 
vanishes. By (I2.22p and (15.7p . 0(3) and (d0)(3) have no dt term. Hence the third term of the 
right hand side vanishes. Now apply Lemma to uj = {d9)(^^) in (15.71) to get 

^^^^^0 A ((d0)(3))Vd0”-2 = ^(Ad) Ad) - Ad) A(i))0Ad0" 

= ^ Ad) Ad)©^^®” = lQ%{q)Ql^{q)z'^z~^e^de'^, 

by Jab = —Jba ln \2.^ and (13.8p . Noting that by (|2.9I) . Ja/siq) = 0 by (|2.14p and 0^2) = 0 by 
(j2.22p . we have 


(d0)(4) = (A^“ A 0A 2 A^“ A 0A A^“ ^ ^^)(4) 

= 2A( 2 )^^" a a + 2A(9)^'f3) A A + 2J^0{q)dz°‘ A 0 ^ 3 ) 


t 

3' 


= 2J„^(2)dz" A dz^ — -Rfi‘^)^{q)z^z^dz^ A dz°‘ — -R^^-^{q)z^z‘^dz°‘ A dz'*', 

* O 

= 2i( — iJ^p^2)dz'^ A dz^ + ^R^)^p^{q)zdz^dz^ A fiz“ + ^R^^^{q)z^z^dz^ A dz’^ 

+ ^R^^-^-{q)z^z>^dz'^ A dz~^ + ^Rf-^^{q)z^z^^dz'^ A dz~^ 
mod dz'^Adzd, dz°‘Adzd, z°‘zd, z°‘zd^ 


z z' 
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by using Corollary 12.31 Now Apply Lemma [5^2] to a; = (d0)(4) to get 


n0 A (d0)(4) A 

= {iJaa{2) - ^ : ^od , Z°‘Z^ 


i(2) - - -110 


mod z°‘z^, z°‘z^. 


Here we have used (13.911 for Jaa( 2 ) and Proposition 15.11 for ~ ~ 

conclude that 

U20Ad0" = n0 A (d0)(4) A dQ^-^ + ~ ^^ 0 A ((d0)(3)) Vd0”-2 

= (-\di0°‘^^{q)z^z^^-^R0°‘s^0{q)zdzAQAde"', mod zdz>^,zdz^^. 


We finish the proof of this corollary. 


5.2. Calculation of some integrals. 


□ 


Lemma 5.3. (cf. Proposition 5.3 in [TI]j Let A = (oi,--- ,am); B = (/3i,-‘‘ ^ Pm) be the 
multi-indices with 1 < ai,/3j < n, let 5{A,B) = 1 if A = B and 0 otherwise. Then 


/ 


^«i ... 2:“™ 2:^1 ... z^'^dv = 


2 Tr^- 


{n + m — 1)! 


E d{A,aB). 


cr^Sm 


Lemma 15.31 leads to following corollary. 

Corollary 5.2. If F is a function of r and t, denote iT'rn = R('f'ji}^"^drdt. We have 

[ Ql0{q)QMq)z^z'^FdV = 2(47r)-0^2n+i, 

/ 

Jjt 


Rf^Mzh^FdV = [ R 0 % 0 {q)z^zl^FdV = 

Ij^n ^ ^ Jjg>n Z 


[ R\^{q)zPz^z^z^FdV = [ R^^Mz'^ z^ z^ z^FdV = ijr¥n^^2n+3, 

^ 2(n + 1) 

[ Rp\Jq)zPz^z^z"fFdV = [ R^._{q)zPz'^ z^z^FdV = t), 


Ij^n 


Ql^{q)Q}.{q)z^z^zhPFdV = 


I J^7l 

3(47r) 


(5.8) 


n + 1 


■0^ 


272+3 1 


L 

L 


JWpi 2 )Z^Z~^FdV = - [ j 0 ^ 0 ,)Z^Z^FdV = |!M_0^2„+3, 


2(n + l)' 


Jap{ 2 )z‘^zdFdV = I J^- 0 ^^^z^z^FdV = 0 


/JT" 
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Proof. First note that we have (|5.5p for dV. By using Lemma 15.31 for m = 1, we get 


Ijlf' 


/ oo poo 

Qlp{<DQl-M 


—oo ^0 

= 2(47r)"0^2n+l. 


/ zl^z~^du]en\r‘^^+^F{r,t)drdt 
Is2r^-l J 


The identities of the second line of (j5.8p follows similarly by noting that 


Proposition 15.11 

Let m = 2 in Lemma 15.31 First we have 


/* _ poo poo / r - \ 

/ -Aq)zPz^z'^z^FdV = / R Aq) / zPz^z^z^diy)4^nlr^^+^F(rA)drdt 

P ^ J-oo Jo P^^ \ 7s2"-i J 


= 2 


— OO J 0 

n + 
(dvr) 


n poo poo 

jWapiQ) + Rp\pi(l)) / / T(r, 

J- J-ooJo 

Ll^2n+3; 


2 (n + l)' 

by Rpapi^) = 0 and RpP.y^{q) = ^ in Proposition 15.11 And Rp;:^^{q)zPz°‘z'^z^FdV follows 
similarly or by taking conjugation. Similarly, we have 

[ Rpx^iQ)z^z^z^z'^PdV = P^^(Rp^api<l) + RfJ^paiQ)) j [ Fir, ty^'^+^drdt = 0 , 

+ J-j \ J J-oo Jo 

by Ra cd ~ ~Fa dc- second identity of the fourth line in (|5.8p follows from taking conjuga¬ 
tion. And also we have 




Qlxiq)Qlpiq)z^z^zhPFdV 


2{4t:Y 

n + 1 


QlxmiM + Qlxi<i)QlM 


' —oo J 0 


r*oo poo 

/ F{rA) 

Jo 


r'^'^+^drdt = 


3(471) 


n + 1 


■O..^2n+0- 


by (|3.3p and the last identity in (|3.4p . By (13.9p . we get 


/ 

Jjif, 




-/ 

^ 4 JT’ 


Qlx{q)Qlpiq)z^z\hPFdV = 


2 (n + l)' 


2n+3 • 


And by Proposition 13.41 we get 


[ Japmz^z^Fdv = \ 


1 


/ z^zPzA^Z,ZdJo.p{q)FdV = ^ 

I 




z^zdzPzPZpZpJ^p{q)FdV 


(47r)^ 
n -|- 1 


/ OO poo 

/ = 0. 

-OO J 0 


The last identity follows from the the anti-symmetry of Jap- Taking conjugation, we get 

Lt" Jam^^^^FdV = 0 . □ 

Lemma 5.4. (cf. Lemma 5.5 in [11] j Suppose that a, 7 -|- 1,/3 -|- 1 and a — 7 — 1 are positive 
real numbers. // 2a — 27 — /3 > 3, then 

/ OO poo 

/ \t + i{l + r‘^)\~°^r^\t\^ drdt = Ni{a,Al), 

-OO J 0 
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where 


Ni{a,l3,'y) = 


'^i(/3 + l)^r^a-7- i/3 - |^r(^i(7 + l)^r^i(a-7 - 1)^ 


2r(a-7-i)r(f) 

By the expression of Ni{a,j3,'y) above, we get 

r(n)r(n - i)r(i)r(^) _ r(n - i)r(i)r(^) 


Ni{2n,2n - 1,0) = 
iVi(2n + 2,2n- 1,0) = 
iVi(2n + 2,2n + l,0) = 


Aii(2n + 2,2n + 3,0) = 


2r(2n-l)r(n) 2r(2n - 1) 

r(n)r(n + i)r(i)r(g^) _ r(n)r(i)r(gi^) 
2r(2n + l)r(n + l) 2r(2n + 1) 

r(n + i)r(n)r(i)r(g^) r(n)r(i)r(g^) 

2r(2n + l)r(n + 1) 2r(2n + 1) 

r(n + 2)r(n-i)r(i)r(i^) 


lVi(2n + 4,2n + 3,2) = 
So we can find that 


2r(2n +l)r(n +1) 
r(n + 2)r(n - i)r(|)r(^) _ r(n - i)r(|)r(^) 


2r(2n + l)r(n + 2) 

A^i(2n, 2n — 1, 0) 4n 


2r(2n + 1) 


n — 1 ’ 

= 1 , 


lVi(2n + 2,2n + l,0) 

Aii(2n + 2,2n + l,0) 

Afi(2n + 2,2n- 1,0) 

A^i(2n + 2, 2n + 3,0) n + 1 
lVi(2n + 2,2n + l,0) “ n - 1’ 
iVi(2n + 4,2n + 3,2) 1 


Afi(2n + 2,2n + l,0) 2(n-l)' 

5.3. Calculation of constants am{n) and bra{n). 

Lemma 5.5. For Zj given by (|2.17D . we have 

j^t + i{\z\^ + 1 ) 


Za^ = inz^ 
Za^ = —inz' 
Zo<h = -nt- 


\w + i|”+2 ’ 

. t-i{\z\^ + l) 
| u ) + i |"-+2 ’ 


1 


\w + z|"-+2 

Proof. By \w + + {\z\^ + 1 )^)“ 2 , we have 

d 


dt 


(|tc + i| ^) = —nt\w + i 


\—n—2 


and 


d 


n , 


dz' 

The result follows. 


(Ire + i\ ’^) = --lie + i 


I —n—2 


2 {\zy + 1 ) 2 “ = -nz^\w + i\-'^-Wz\^ + 1). 


(5.9) 


(5.10) 


□ 
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Note that we have 


Js 2 r ^-1 [n-iy. 


by the case m = 0 in Lemma 15.31 and by (|5.9D we have 

A^i(2n + 2,2n +1,0) = lVi(2n + 2, 2n - 1,0) = 


2 n ’ 


(cf. p. 341 in [TT] for the second identity). Hence by (|5.3D . (j5.5p and no = 1 we get 


/* poo poo p 

ao(n) = / \<^fdV = 4^n\ di^ 

JJ-oo Jo J 


„2n-l 


J-oo Jo |t + i(l + r2)p"'+2 

= (47r)'^(2n)A^i(2n + 2,2n - 1,0) = 7r”+^ 


drdt 


And we see that 




E 




mo=mi=m 2=0 


by fj2.24l) for and = 0. So we get 


'L 


6 o(n) = 2 / vi^Zj^ZkA>dV = 2 


= 2n 


2 


I 


Zj 3 ^Z^^dV = 2 


I 

Jjt 


2| |2| I *1— 2,71—2 jT r 

n \z\ cj + ^ dV 


/ oo poo p 

/ / 

-oo Jo J 


^271+1 


diz- 


'-ooJo Js^"-^ |t + i(l + r2)|2«-+2 
= 4n3(47r)'^Ari(2n + 2,2n + 1,0) = 271^*"+^ 

by (|5.10p . By (15.311 and Corollary 15.11 we have 


drdt 


(5.11) 


(5.12) 


(5.13) 


(5.14) 


ai(n) = / \<^\PvidV = 0. 

By Proposition 12.81 for si and ni = 0 in (15.6p . we can get 


nf = 


E 

mo+mi+7712 = 1 


'^/3(mi+o(_;) —1) ^^(m2+o(/c) —1)^^0 Zj^Zf^^ 


for some functions F(r, t) only depended with r and t. So 

/ OO poo p 

/ / z^z^z‘^di'F{r,t)drdt = 0, 

-OO Jo J S2n—1 

by Lemma 15.31 02 ( 71 ) is given by following lemma. 

Lemma 5.6. 


02 ( 77 ) = 


TT 


72+1 


-o. 


(5.15) 


(5.16) 


1277 


(5.17) 
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Proof. By (15.3p . (|5.6p . the second line of (15.Sp and Lemma [531 we have 

1 /*00 PCX) 

= -(47rfO/ / |t + i(l + r2)|-2"-V”+idrdt 

6 Jo J-oo 

1 

= -{A7rrmi{2n + 2, 2n + 1,0) = -—0. 

6 12n 

We finish the proof of Lemma 15.61 □ 

To calculate b 2 {n), we need the following results. 

Lemma 5.7. 

/* T?^ I 2?7^ I 2t7 ^ 

/ uf (47r)-iVi(2n + 2, 2n + 1,0)0, 

6(n-l)(n + l) 

[ (vfZa<l>Zo<^ + v^ 2 "Zo<^ZaAdV = - - , J 47r)"W(2n + 2, 2n + 1,0)0, (5.18) 

Jjfn\ ) 6(n-l)(n + l) 

/" 2n^ 

/ = -- (47r)"iVi(2n + 2, 2n + 1,0)0. 

JjT" 3(n-l)(n + l) 

This lemma will be proved in Appendix B, from which we get 

62 (n) = 2 f = '!^^ ^\ 47r)"jVi(2n + 2,2n + l,O)0 = "^^^^^''"^' 0 . 

3(n - 1) 6(n - 1) 

(5.19) 


We also have 


Lemma 5.8. 


C 2 in) = 


2n'7r”+^ ^ 

- 


(5.20) 


Proof. Applying X = Wq, Y = Wp, and taking index a = /3 in the last identity of (12.Op . we get 
R^Qp = d{RiWo,Wp)Wi 3 ) = 0. Hence by definition we have R/^p = R^ap. + and so we 

get 


R{q) = h^’^R.kiq) = h^~^R0p{q) + h^^R^^iq) 

= d^~^{Rp\-M + Rp%{<i)) + + Ri.M 

~ ddfi 0^(9) + Rp ~ ~ 2 ^’ 

by Proposition 15.11 Noting that 




w + i\-‘^^dV 



4"'n!r^"'“^ 

-—- drdt 

t + i{l + r2)|2»T- 


= 2n(47r)'^iVi(2n,2n - 1,0) 


8re2 


n — 1 


(47r)’"iVi(2n + 2,2n + l,0), 
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then by (|5.3p . we get 

C2(n) = -§/ 


4-77^ 0^^7l+l 

-{iTr)^Ni{2n + 2,2n + l,0)£l = - 


n — 1 


n — 1 


□ 


Proposition 5.3. The extremal of the Yamabe functional on the Heisenberg group is 

= 2pn^TT. 

Proof. Recall that on Q = dt — iz°'dz°‘ + iz^dz’^. Then 0 = —2idz°'Xdz’^. So —iS^^ = 
d&{Za, Z^) = h{Za, JZp) = —ih{Za, Zp), namely h{Za,Z^) = 6 ^^. Hence it induces the dual 
norm \-,-\h by = 5"^. Then + Za^e^,Zp^Q^ + = 

Since the curvature tensor i? = 0 on the Heisenberg group, by definition we have 


XiJY^) = 


J^^p\d^\jjdV _ 2pJ^r. Zp^Z^^dV ^ ^^^2^ 


(5.21) 


mPdvyr mPdvy 

by (|5.12p and (|5.14l) . □ 

Remark 5.1. Recall that in m, Jerison and Lee used the structure equation d9 = ih^^9°‘ A 9^ 
(cf. p. 307 in [H]). So in Heisenberg case in [IT], dQ = ih^pQ°' A 0^ = ih^^dz^AdzK On the 
other hand, 0 = dt + iz'^dz^^ — iz^dz^" leads to dQ = 2idz°‘Adz°‘, which shows h^p = 25^^ on 
the Heisenberg group in m- So the Yamabe functional here in Proposition 15.31 differs from [11] 
by a factor 2. 

Proof of Theorem \5. 1[ Substituting p5.12p . p5.15p and p5.17p to the first identity in p5.2p . we 
get 


\r\PdVe = 7r”+^ ( 1 + T^ne" ) + 0(e"), 


IM 


12 n 


and so 


iM 


\fTdVo 


= vr 


1 - 


1 


12(n + 1) 


aeM +0(e3). 


Substituting (I5.14p . (I5.16P and P5.19D to the second identity in p5.2l) leads to 


IM 


p\df^\j^dVg = 2 pn^ 7 r”^^ 


1 + 


n + 1 


12(n - l)n 


06^ +0(e3). 


By the third identity in (15.2p and Lemma 15.81 we get 


/ R\r\'^dVe = 2pn\^+^- 

Im 2(n-l)(n + l) 


-1 


Qe'^ + Oisy. 


(5.22) 

(5.23) 

(5.24) 


Finally, substituting p5.22l) . (I5.23P and (I5.24p to the definition of ^(/^) in pi.411 . we get 


mn = 


\fTdVe 


IM 


p\dr\ijdVe+ I R\r\^dVe 


IM 


IM 


= 2 pn IT 1 + 


—n{n — 1) + (n + 1)^ — 6n 


12(n — l)n(n + 1) 


0e2 + o{ey 


= 2 pn IT 1 — 


3n- 1 


12(n — l)n(n + 1) 


0e^ + oyy. 
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As O > 0 and n > 2, Theorem 5.1 is proved. 

It remains to show the existence of the extremal. Note that on a contact Riemannian manifold, 
the Folland-Stein normal coordinates in [5] also exist by the same argument (the integrability 
of J is not used here), we can get the same estimates in Theorem 4.3 in [9]. Then the existence 
of the extremal can be proved in same way as Section 5 and Section 6 in [9| by using the 
Folland-Stein normal coordinates. 

Appendix A. The transformation formulae 

In this appendix, we will discuss the conformal transformations and prove Lemma f4.ll Recall 
that here we don’t change {VFa} € HM. Our tensors after conformal transformation is with 
respect to {Wa,T} and {0“,0} satisfying (I4.1l) - (|4.3p . e.g. 

T{f,Wa) = AiW,, rl^ = u:m. 

First we will discuss how the connection coefficients, the curvature tensor and the Webster 
torsion tensor change under a conformal transformation. The idea in this appendix follows from 
the proof of Lemma 10 in m with a local T^^’^^M-frame. 

A.l. The transformation formulae of the connection coefficients under the conformal 
transformations. 

Lemma A.l. We have 

2h{VxY, Z) =X{hiY, Z)) + Yih{X, Z)) - Z{h{X, y))+ 

- 2h(A, JZ)e{Y) - 2h{Y, JZ)e{X) + 2h{X, JY)e{Z)+ 

- h{[X,Z],Y) - hi[Y,Z],X)+hi[X,Y],Z), (A.l) 

for any X,Y, Z ^TM. And also we have 

2h{VTY, Z) = T{h{Y, Z)) - h{[T, Z],Y) + h{[T, Y],Z). (A.2) 

for any Y, Z^HM. 

Proof. We refer to p. 334 in [3] for dAT]). For ()A.2D . we have 

T{h{Y, Z)) = hiXrY, Z) + h{Y, VtZ) = hiVrY, Z) + h{Y, [T, Z]) + h{Y, nZ) 

= hiXrY, Z) + h{Y, [T, Z]) + h{nY, Z) = 2h{VTY, Z) + h([T, Z],Y) - h{[T, T], Z), 

by VT = 0, the definition of the Webster torsion r* and its self-adjointness (see Lemma f2.ip . □ 

Corollary A.l. With respect to any frame {Wa,T} with {Wa} horizontal, we have 

Kb =lh‘^\Wa{hM) + Wbihad) - Wdihab) 

- h{[Wa, Wd],Wb) - h{[Wb, Wd],Wa) + h{[Wa, Wb],Wd)) , (A.3) 

and 

rSfe = \h^'^{T{hd) - h{[T, Wd],Wb) + hi[T, Wb],Wd)). (A.4) 
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Proof. (|A.3I) follows by substituting X = Wa, Y = Wb, Z = into (lA.lD . (IA.4D follows by 
substituting Y = Wf,, Z = into (|A.2I1 . □ 


Lemma A.2. Under the conformal transformation (SU), i/u € 0’m, we have 

[f , Wp] = [T, W^] - iZ^Zs^uWa^ + iZpZaUWa + ^m-l{W), (A.5) 

where denote the linear combination ofWj’s with coefficients ^m-i- 


Proof. We have 

[f, W;,] = [e-2“(r + vw,), Wp] 

= e-2“[T, W^] + + 2 e-^^up{T + r^Wc) 

= [T, Wp] - 

= [T, Wp] - {Wpu-^)h^~^JP^{q)Wp - {W0U^)hP^A{q)Wp + 4n-i(W) 

= [r, Wp] — iZpZaUWa + iZfjZoiUWa + 

by ^q /3 = J^a.{q) = id^a in (|2.14p and Ua&^m-i for u G ffm- (|A.5h follows. □ 


Proposition A.l. Under the conformal transformation (BU), the connection coefficients of the 
TWT connection change as 


bafe — ^‘ab + “ U^^^ab, 

+ Uo5p — -{ZpZiSU + ZisZpU) + ^m-l, 

where = h^^u^. 


(A.6) 


Proof. By Lemma lA.ll we get 

r^b = le-V(^Wa(^e^^hbd^ + Wbl^e^'^had^ - Wdl^e^'^hab^ 

- e^^h{[Wa, WdfWb) - e^'^hiiWb, W^fWa) + e^^h{[Wa, PLb], VLd)) 
~ ^ab Y Uadb + UbS^ — tPhab. 


Note that 

% = W-pfW^) + h{[f, Wp],Wp)), (A.7) 

For the first term in the right hand side of ()A.7D . according to (14.21) . we have 

^hPPf(hf,p) = ^e-^^hPP{T + rXWe){e^'^hpp) = \pPT{hpp) + uod^ + 

Take conjugation on both sides of (jA.5p to get [T, TT^] = [T, Wp\ + iZ^Z^uWa — iZ^Z^uWa + 
S’m-i{W). So for the second and third terms of (IA.7h . we have 

, Wp],W^) = -^hPPh(^[T, Wp] + iZpZ^uWa, Wf}'^ + ffm-1 

= -^hPPhilT, WpfWp) - "-Z-pZpu + ffm-u 
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and 

^m([f, W0\,W-^) = ]^hP'^h[[T, Wp] - iZf^Z^uWa, + ffm-1 
= \hPPh{[T, Wp\,Wp) - "-Z^Z-pU + 

So (|A.7p becomes + no(5jg - ^{ZpZpu + ZpZpu) + ^m-i- □ 


A.2. The transformation formulae of the curvature and Webster torsion tensors 
under the conformal transformations. Proof of Lemma \4-l\ By VT = 0 and r*lTa = 
r(T, Wa) = S/rWa - [T, WJ, we get 


Aab = h{AlWc, Wb) = h{nWa, Wb) = KVrWa - [T, WaW) 
= Tihab) - h{Wa, VrWb) - h{[T, Wa],Wb) 

= Tihab) - h{Wa,nWb + [T, Wb]) - h{[T, Wa],Wb) 

= Tihab) - Aba - HlWa, [T, Wp]) - /l([T, Wa],Wb). 


Since the tensor A is self-adjoint by Lemma l2.11 we get 

Aab = I (rihab) - hiiWa, [T, Wp]) - hi[T, Wj, Wfe)) . 

In particular, A^js = — ^ (/i(1Tq, [T, IL^])) + /i([r, VLq], VL^)). Applying Lemma [A.2I with the 
frame {Wa,T}, we get 

Aa^ = [f, Wp])) + h([f, Wa\,Wp)^ = - '-Za^ZpU - "-ZpZ^U + 

— - 4 ( 1/3 iZoi^Zj^U -\- 


by ()A.5p and = 0. And f|2.10p with frame {Wa,T}, we get 


K,-, = + 2r2y,,-. 


By the first identity in ()A.6p and (|2.14l) . for u € ffm-, we have 

^7?(r/„ + - u'yha,^^ = + W^iu^)6Z - 

= + ZaZpU — SaipZyZ^U + ^m-1) 

and 


iy^r/;„ = w-^ + (n + 


(A.8) 


(A.9) 


Again by the first identity of (lA.Bp . we have L^^ = L^^-l-^m-i- And by (|2.26D . we have = ^i. 
So we get 
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for any indices a,b,c,d,e, f. By the second identity of (IA.6I1 . in (12.141) and uq = 

Tr = % + by (|2.25p . we have 


= ‘^i^oa + - -Z,z^u - -Z^Z-,u ) J,-, + 




'm —1 


.du 


~ Q^^aP ZpZaU Z^Z 


Noting that [Za, Zp] = ^ (IA.8I) leads to 

^ du 

^a'rP ~ 'yp ~ — (n + 2)ZpZaU — 5^^Z.yZ^U + ffm-l 

ZpZaU + ZaZ^u — 2i6^p—'^ 


dt 

- r 7 _du n + 2 

- K 7/3 Qt 2 


1 




.du\ 


— I Z'yZ^xi -)- Z^Z^xi -\- 2Tii ^ _ I -)- 


7^7'' 


dt J 


'm—l 


= R^- 

a 7/3 


n + 2 


Zj^ZctU + ZaZ^tl^ + —5^i^^oU + 0 'm-l, 


with J^o = —{ZaZa + ZaZa). 


(A.ll) 


A.3. The Covariance of Rabcd and Aab- Fix a contact Riemannian structure (M, 6, h, J) and 
a connection V. For a frame {Wa} of HM, {Wj} = {Wa,r} is a frame of TM. Take an 
invertible transformation for {VFa} by writing 

iVa = <lFc, (A. 12) 

for an invertible matrix (v^). T = T by 0 is fixed. Let {0^,6} be the coframe dual to {VFa,r}. 
Then we can write 

^ (A.13) 

where (n^) is the inverse matrix of (v^), i.e. = 6 ^. We write VkFa = o;^ 0 Wc and 

viv, = 0 w,. 

Proposition A.2. With the transformation mentioned above, Let Aab and Rabcd be the Webster 
torsion tensor and the curvature tensor with respect to {VFa,r}. Then we have 

Aab — Rabcd — -^aibicidi ■ 

Proof. By ()A.12p . we have 

VWa = V«We) = dvl 0 IF, + vyWa = {uldvl + 0 IF,. 

So = u’^dv'^ + which is equivalent to 

dvl = wlvl-vliol. (A. 14) 

Differentiating the second identity of ()A.13p . we get: 

dr = dvi A r + Fdr = [ZjIvI - vlut) a r + ^dr, 
by ()A.14p . Therefore, 

dr-^ as;) = n^(dd''-r Aw^). (a.is) 
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So = {d6^ — d^Auj^){T, Wa) = u\^ {dO^^ — 6^Aoj\^){T, v'^^Wa^) = For the covariance 

of Rabcd, we can refer to Section 3 in [23], or it can be achieved in the same way as tensor A by 
differentiating ()A.14p . So we finish proving that Rated and Aat are covariant. □ 


Appendix B. The calculation of 02(11) and b 2 { n ) 

In Appendix B we will show the detailed calculation of Lemma 15.71 Recall that our contact 
manifold {M,9,h, J) satisfies Proposition 15.11 


B.l. Calculation of 


Lemma B.l. For rr!^ defined in (|5.4I) . we have 


"•r = 


1 


vT = -g ( Rd^,iQ) + Rd\M I 


vr = 0 , 


1 




< = (B-1) 


12 


vf = 0, 

= 0 , 


4 


I 7 /3_1 

' 2 '^Poi( 2 )Z 2 

Proof. In the following we will use Proposition 12.81 repeatedly, especially 


„o _ — A“ c“ — — n — n e'J — e'J — n 

^/3{Q) — '5/3(0) ~ "/3’ ®/3(0) ~ '5/3(0) ~ ®fe(l) ~ '^6(0) ~ — U, 

and we also have uo = I, ui = 0, by Corollary 15.11 We find that 


= 


E 




mo+mi+7712=2 

= + 5^(0)5j(2)^0 + 5^(1) 1^0 + 5^(i)Sj(o)I^l + S^(o)Sj(i)^^l + 


1 


d 


= <^^J(2)"0 = +(2) = -gVeu(9K^' 
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by (|2.24|] for Similarly we get 




^"1 


- *“(2) + 4(2) + 


■2 - E 

mo+miH-m2=2 


vT = 


E 




^2 - Z_^ ®/3(mi)'®/3(m2)^”^0 

mo+mi+m2=2 


— 0 , 


07 _ 




E 


1 


'2 - = 42 ) = -QRd%{q> Z", 

mo+r72i+m2=2 

,0 


,,«o _ 

V 2 — 


E 


mo+r 72 l +7722 = 2 
= ~2+«(2)^^ “ “+/=; 






+° = 




mo+mi+m2=2 


2 ^po^v^)- ■ ]^2 

'7mi)+(m2+l)'*^™0 = 0) 


,,0o _ 

112 — 


E 


.0 


mo+mi+m2=2 


®/3(mi+l)7(m2)''^”^0 


'I’mn — 0) 


,,0o _ 

V 2 — 


E tjO — eO 

®/3(mi+l)®/3(m2)^™0 ” ®/3(3)7 “ ®«(3) 


mo+mi+m2=2 

By noting that we have Corollary LI. II for , we get 


,,00 _ 

V 2 — 


E 


4 (.»l + l) 4 (m 2 + l)””'l> = '’“( 2 )'>|( 2 ) = 

mo+mi+m2=2 

So we finish the proof of Lemma B.l. 

B.2. Proof of Lemma 15.71 By the first identity in (jB.ip for and ()5.10p . we get 


/ 




n 


Jj^n 6 


Jj^’- 




W + f |2”-+4 

,„,,^ t^ + 2i(|+ + l)f-(|+ + l7 

\w + i| 2«+4 


dV 


□ 


l 2 in+irJ_^i |l + i(l + r 2 )| 2 n +4 i + 


1 + f(l + r 2 )| 2»^+4 

where the last identity is by the third identity in (15.81) . Similarly by (IB.ll) . (|5.8p and (I5.10p . 


we 


get 


/ 




12(n + 1)' 


Jo |l + z(l + r 2 )| 2 rx +4 ^ ^ 


POO POO +2 

1-00 Jo 
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Recall that we have (j5.6p for V 2 - So we have 


f 2| |2*^ + (kP + 1)^ IT, 

/ V2n \z\ —j- . . —dV 

|u; + z|2-+4 


-f 

6 


/*oo /•oo 

= -(47rrn / / 

6 ^—oo J 0 


2nH-3 


Itc + i|2«’+4 




\t + i{l + r^)\ 2 n+ 2 <^^^^ = y (47r)"£2iVi(2n + 2, 2n + 3,0), 


by ()5.8p and Lemma 15.41 Then by pB.ip and (I5.inp , we get 

/ 





The last identity is by the third and fourth identities in p5.8ll . And by (IB.lb . we have 


/ 


v^^Za^Z^^dV = 0. 


(B.5) 


Taking summation of pB.2l) . (jR3|), pB.4p and pB.5l) . we get 


[ vfZa^Z,,^dV 

Jjg’" 


n 


oo roo 


3(n + l) 


{iTT^Q 


^ 2 ^ 271+3 Yi^ 

1^2 _|_ 1(^1 _|_ ^2^|2n+4^^^^ 4" LliVi (2n + 2, 2n + 3,0) 


77,2 ^2 

--- (47r)"iVi (2n + 4, 2n + 3, 2)0 + — (47r)^A^i (2n + 2, 2n + 3,0)0 

3(n + 1) D 


+ 2n^ + 2 ti? 
6(n — l)(n + 1) 


(47r)’^iVi(2n + 2,2n + 1,0)0, 


by using the last identity in p5.9p . So the first identity in (15.18b follows. 
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By (IB.ip . ()5.10p and substituting identities in (I5.8p for certain terms, we get 
vfZo,^Zo^dV 








= n 


I 


Ire + i|2”-+4 

^J/3a{2)Z^Z^ + pai<l )" Rfl^ 


_ Lr P 

12 j |u; + i|2n+4 


n 


n + 1 
5n^ 


OO /•CO 




.2n+3 


6(n + 1) 


(47r)”n 


.OO roo ^2 

-ooio |t2 + i(l+r2)|2n+4 


|t2+i(l+r2)|2n+4 

r“'"' “drdt. 


drdt 


(B.6) 


By taking conjugation of pB.Gp . we get 


L 


5n^ 


roo /•OO 


nr^o$^a4>dF = - 
jffn 6(n + 1) 


(47r)”n 


f 




|t2+i(l + r2)|2n+4 


And by pB.ip . we get 


/ 


= 0 . 


aO / 


(B.8) 


So taking summation of pB.6D . pB.7p and (IB.8I) . we get 
vfZa^Za<^ + v^'^Zo<^Za^dV 


I 

I 

J 


vfZa^Zo^ + V^^Za<^Zo<P + V^°Zo>PZa<^ + V^‘^Zo>PZaMV 


,,a0 


Oa ' 


,.0q; ' 


hrr 


roo roo 


3(n + l) 

hv? 


(47r)”n 


^2n+3^2 


/o |t2+i(l+r2)|2n+4 


(47r)’"niVi(2n + 4,2n + 3,2) = -- 


drdt 


f)V? 


3(n + l)^ ’ ’ 6(n + l)(n —1) 

by P5.9I1 and Lemma [5~il So the second identity in (15.1811 follows. 

By (IB.ip . (15.9p . p5.inp . the fifth identity in (15. 8p and Lemma [531 we get 


£lAri(2n + 2,2n + l,0), 


[ vfZo<!>ZoMV = f {q)Q^^p{q)z'^z^z^zP- 




ije^ 

roc roc 4^2 


I re + d2fi+4 


dV 


/ OO /•C 

-OO J 0 


3(n + l) 




^2n+3^2 


|t2+i(l+r2)|2n+4 


4n2 


3(n + 1) 


(47r)”lVi (2n + 4, 2n + 3, 2)0 = 


drdt 


2n2 


3(n + l)(n — 1) 


(47r)’^A^i(2rr + 2, 2rr + 1,0)0. 
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So the third identity in (IS.lSp follows. 
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